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Abstract: My aim is to consider one of the most pressing problems for multi-valued logic and second
order vagueness, in the light of Peirce’s theory of Synechism. | will begin with a presentation of two sets
of principles that we may argue form Peirce's work: the first one is directly taken from his resultsin the
field of the Logic of Relations, while the second arises from a general consideration of the common root
shared by the Phaneroscopic, the Semeiotic and the Pragmatic part of his system. In order to clarify the
relation between Triadic Logic and the problem of Continuity, | will then turn to the famous example of
the blot of ink, given by Pierce himself - in his logical notebook - dated 1909. Finally, | will discuss the
general objection of second order vagueness for Triadic Logic, of which Peirce ssems to have been
unaware, enquiring if Synechism, the doctrine of Triadic Continuity, could be regarded as a possible
theoretical solution for it.
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Resumo: Meu objetivo é refletir sobre um dos problemas mais prementes para a légica de multiplos
valores e a vagueza de segunda ordem, a luz da teoria peirceana do sinequismo. Comegarei com uma
apresentacéo de dois conjuntos de principios que, podemos dizer, formam a obra de Peirce: o primeiro é
diretamente retirado de seus resultados no campo da | 6gica das relagdes, ao passo que o segundo advém
de uma reflexdo geral da raiz comum compartilhada pelas partes de seu sistema, a faneroscopia, a
semidtica e a pragmatica. Para esclarecer a relagdo entre a ldgica triadica e o problema da
continuidade, farei uso do famoso exemplo do borréo de tinta, utilizado pelo préprio Peirce, em seu
caderno de l6gica em 1909. Final mente, discutirei a objecéo geral da vagueza de segunda ordem para a
I6gica triddica, da qual Peirce ndo parece ter se dado conta, indagando se o sinequismo, a doutrina da
continuidade triadica, poderia ser considerada como uma possivel solucéo tedrica para a mesma.
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The am of this paper isto show that the objection of second-order vaguenessis
particular, not generd; it exists at least one case of three-vaued logic for which the
dynamic of second-order vagueness could not be gpplied. This dam will be sustained
taking into congderation the particular system of triadic logic developed by Charles
Sanders Peirce and his principle of continuity: the synechiam.

Second or der-vagueness

The problem of second-order vagueness is one of the most reevant difficulties
in founding a multi-vaued logic. This objection seems to make a non-sense of every
attempt to abandon the conceptud ground of reference offered by classcd logic: the
dichotomy trueffdse, the principles of excluded middle (PEM) and bivaence (PB). If
you congder the following propostion: “When did Ulysses die?’, you can approach this
issue from two perspectives.



On the one hand, the first consders the passage between life and desth to be a
sharp passage dfter a state of life follows immediatdy a dae of death. This is the
classca logic's view. On the other hand, the second perspective maintains that between
the state of life and the date of death there is an intermediate Sate where Ulysses is
neither clearly dive nor cdearly desth. This is the view of a hypotheticd three-vaued
logic (truth, fdse, intermediate), which dates that for the intermediate dSate the
principles of excluded middle and bivaence should be consdered violated or
suspended. This perspective holds that “dive’ is a vague predicate because it admits
border-line cases.

Unfortunately, the borders of what is vague are vague themselves. This leads to
a further problem: the same operation we used with two vaues could now be repested
aso for three vdues In fact, the question “When did Ulysses die¢’ faces the same
difficulties as the question “When did Ulysses clearly die? At some moment of the
passage between life and degth it is not clear if Ulysses is dive or not; a this stage, we
shoud therefore assign an intermediate vaue between life and death because it is not
clear if Ulyssesisin the firg or in the second dtate. But, if we admit that a sharp passage
between life and death doesn't exist, then we are forced to maintain that such a sharp
passage doesn't exist even between life, the intermediate Sate and desth.

As a consequence, by placing an intermediate vague region we obtain two more
vague boundaries. one between life and this region and the other between this region
and death. We pass therefore from firg-order vagueness to second-order vagueness. The
regress, moreover, could be continued to infinity. Hence, we pass from a dynamic of
second-order vagueness to a dynamic of higher-order vagueness that can be repeated ad
infinitum. The classca objection to a multi-vaue logic is then: “if two vaues are not
enough, three are not enough” (Williamson 1994: 111).

The dynamic of higher-order vagueness is indeed a serious chdlenge to every
endeavour to build a cdculus with three or more truth-values because it undermines its
theoretical foundation. Why should we abandon classca logic, with his force and
amplicity, if the other multi-vdued dternatives face the same deficiency that they have
previoudy ascribed to the former?

Triadicity and continuity

Peirce was one of the most important and origind thinkers and logicians of the
19th century and was aso the firs to conceve a complete system of triadic logic.
Complete, because the sx operators and the matrixes defined for them are enough to
describe a functiona complete system for three vaues. As noted by Fish and Turquette,
these six operators were rediscovered by later logicians, and the work of Peirce should
be consdered as a prelude of three-vaued logic developed in 1920 by Jan Lukasiewicz
and Emil Post.!

But Perce's is different to dl the others three-valued cdculus due to its
theoretical character. In fact, it represents the attempt to transfer in forma logica terms
al the previous results that the American thinker had achieved in every other fidd of
thought to which he had turn upon his atention. The percean’'s sysem is a highly
aticulated system which, due to the gpplication of a logicaly founded theoreticd base,
ams to produce a unitary theory ranging from mahematic to metgphysic. This
theoreticd base coincides in Perce with the centrdity assgned to the triadic-continuous

! Fische Turquette 1966: 79.



relation. The tricotomic logic that we may find in the Logica Notebook dating from
1909 represent an attempt to trandfer this theoretical base in formd logic. While the
centrdity of the triadic-continuum relation was, as a matter of fact, wdl established in
every other fidd of research (faneroscopy, semiotic, epistemology, cosmology, eic...),
logic was gill asymmetricaly confined to the dichotomy true/false.

Moreover, the mathematica research, to which Peirce had hardly dedicated
himsdf, had hinted the posshility of a tricotomic mathematic which suggested in turn
the possibility of an equa logica perspective, modeled on three values.

In particular, the tricotomic caculus could be regarded as the consegquence of
Peirce's extreme logicd redism which daes that the possbilities (can be) and the
generas (would be) should be consdered as red as the exigent actudities (“have beens,
iss, will bes’). Classcd logic proves to be universdly true only when we andyse
universes of discourse in which are present only actudities, sngular-wholly determinate
objects, while it is dmost inadequate to treat “potentidities, red possbilities, universa
or any other general” (Parker 1992: 72).

Peirce clams therefore that, in sharp contrast to an epistemic or semantic theory
of vagueness, there are real and objectively indeterminate entities which can't be
processed adequately by a system of classicd logic.

In order to undersand Peirce's particular postion, we should now turn our
attention to two sets of condderations. The former is derived from the theorems that
Peirce had proved with the logic of rddives while the second aise from his
mathematical reflections centred on the concept of continuity. Thanks to these two set
of principles it is possble to show the rationde which is behind the tricotomic calculus.
The purpose of the present paper is to enquire if the theoretica difference that
diginguishes Perces pergpective trandaes itsdf into a practicd difference through
which the system can escape the objection of second-order vagueness.

We shdl begin to examine Perce's theorems that we may find in the logic of
relatives, whose am is to prove the generative centrdity of the triadic relation:

1. dl polyads can be generated out of triads;
2. atriadic relaion can not be reduced to the sum of monadic and dyadic relaions;
3. monadic and dyadic relations can be generated from triadic relations (CP 3.483)

These three points can be expressed by a dngle principle the triad is the
primitive relaive. The triad is generaive and a the same time irreducible every
relation can be generated from a triadic relaion by intersection (rdations with four or
more terms) or by prescisson (monadic or dyadic relations), but it is impossble to
generate triads from the composition of monadic and dyadic reations.

Of course, the centrdity of the triadic rdlaion doesn't limit itsdf to the logica
field, but has the merit to prove in a forma way what the preceding research had clearly
dready indicated. For example, & a faneroscopicd leve, this formulation decline itsdlf
into the three conceptions of Firgt, Second and Third, later defined as the categories of
Firstness, Secondness, Thirdness:

Three conceptions are perpetually turning up at every point in every theory of
logic, and in the most rounded systems they occur in connection with one
another. [..] | call them the conceptions of First, Second, Third. First is the
conception of being or existing independent of anything else. Second is the



conception of being relative to, the conception of reaction with, something else.
Third is the conception of mediation, whereby a first and a second are brought
into relation (CP 6.32).

Among the three categories, it is in particular the third which mostly mark the
difference between the philosophy of Perce and the pragmatism of Dewey and James
or, & a semiotic leve, between the triadicity of the percean dgn redion and the
dyadicity of the saussurian perspective. Thirdness is the caegory of mediation,
representation, the function of connection between a Firs and a Second; but it is aso
the category of law, thought, habits: the principd agent of the progress of uniformity in
the cosmos. Moreover, thirdness is the category of regularity, homogeneity and relation:
it “[...] represents continuity dmost to perfection” (CP 1.337).

This is a fundamentd point, because it is due to the connection between the
concept of thirdness and the concept of continuity that arise the theoretical ground of the
tricotomic caculus conceived by Peirce.

Therefore, it is worth it to focus our atention on Perce's theory of continuum,
highlighting some of his festures through the definition of continuity which Perce
reached in mahematics. In the early 1890's, Perce's interest for the theory of
mathematical continuity grew until it become centrd. His reflection in these years
followed two coordinates. the firsd was cosmologica, the second was mathematicd.
Both these lines of research led to the same result: the doctrine of triadic continuity,
from now on defined as synechism (from the greek word suneches, “brought-together-
by-surgery”), should be conddered as “the leading conception of science” (CP 1.62),
“the supreme guide in framing philosophical hypotheses’ (CP 6.101).

Mathematical continuity

In mathematics, Perce entered the contemporary debate which, thanks to
Dedekind's and Cantor's advanced theories, defined continuity and infinity as one of
the primary tasks of the process amed a reconsder the foundations of mathematics.
Thanks to the comparison with the cantorean scripts, Peirce reached a concept of
continuity for many aspect innovative and very different from the one eaborated by the
German mathematician. Cantor defines a continuous series as a “concatenated and
pefect” series.

By a concatenated series, he means such a one that if any two points are given in

it at any finite distance, however small, it is possible from the first point to the

second through a succession of points of the series each at a distance, from the
preceding one, less than the given distance. [...] By a perfect series, he means
one which contains every point such that there is no distance so small that this
points has not an infinity of points of the series within that distance of it (CP
6.121).

In the cantoreen mode the continuity is represented by the biunique
correspondence between a st of individud points and a set of red numbers. If we
imagine a line, it is possble to make correspondence between every point and a red
number, and vice versa This method has the advantage of individudize with precison
the spot whereon each point is placed.

This advantage however comes a a price. Where did the continuity of the line
come from? The cantorean answer is substantidly counterintuitive: the continuity of the
line comes from amassing a trandinite series of individua points which take up every



possble space on it. A-dimensond, individud and discrete entities therefore produce
the dimensond continuum of the line with which they don't dhare any essntid
features.

Peirce suggests a very different concept of continuity. In a paper entitted The
Continuum, Peirce defines continuity as a conjunction of two features Kanticity and
Arigotdicy. The Kanticity states that every continuum is composed of parts of the same
kind, while the Arigotelicy daes that in every continuum the pats have ther limit in
common. Thus the difference is that, while the cantorean modd is composed of
individud-discrete points, the peircean modd doesn't possess any individud or ultimate
pats. every pat of a continuum is agan a continuum. Every line is made of lines, every
tempora interva is made of others tempord intervas. Any numerica sysem can never
exhaugt the continuum, snce “the numbers are insufficient for exactitude’” (NEM 3126-
127). They dways condtitute a discrete collection independently of their multitude.

Thus, for Peirce the real numbers represent a modd of pseudo-continuity
opposite to the true-continuity wherein singular smple parts don't exig as such. In a
true-continuum every sufficdent smdl pat loses its individud identity to become
“welded” with the other parts:

You have then so crowed the field of possibility that the units of the aggregate
lose thelr individual identity: it ceases to be a collection because it is now a
continuum. [...] A truly continuous line upon which there is room for any
multitude of points whatsoever. Then the multitude or what correspond to
multitude of possible points, exceeds all multitude. These points are pure
possibilities. [...] On continuous line there are not really any points at all (CP
3.388).

The result is that we have altogether eliminated points. [...] There are no points
in such a line; there is no exact boundary between any parts. [...] Thereis no
flow in an instant. Hence, the present is not an instant. [...] When the scale of
number, rational and irrational, is applied to a line, the numbers are insufficient
for exactitude; and it is intrinsically doubtful precisely where each number is
placed. But the environs of each number is called a point. Thus, a point is the
hazily outlined part of the line whereon is placed a single number. When we say
is placed, we mean would be placed, could the placing of the numbers be made
as precise as the nature of numbers permits (NEM 3126-127).

At a closer look, the question is of a genetic kind. For Cantor the continuity of
the line aises from the gathering of individua and discrete points while for Perce the
mathematicd continuity has the same features of the triad showed before in the logic of
relatives. Exactly like the triad, the peircean continuity is syntheticd and generdive
every effect of discreteness could only happen as a secondary effect of an origind
continuity. The continuum, moreover, is irreducible to the discrete; no collection of
discrete individuds can ever generate a continuum, as before when it wasn't possble to
generate triadic relations from dyadic and monadic ones. “Bregking grains of sand more
and more will only make the sand more broken. It will not wed the grans into
unbroken continuity” (Century Dictionary).

Logical differences

For Cantor the points n a continuum are actud, determinate and exigent, while
for Perce they ae potentid, indeterminate and red. The difference is not only



terminologicd; rather, it is logicd. We can't aoply the dassicd principles of non
contradiction and excluded middle to the pointsin a peircean true-continuum.

This is due to the fact these principles can be gpplied for Perce only to fully
determinate individuds "An individuum should be considered determined under every
aspect, in such a way that the principle of excluded middle can dways be applied to
them” (NEM III: 763). But a determinate individud in a true continuum is only a red
abdraction and not an exigent thing; to exis as such the continuity mugt actudly be
interrupted. “Hence a point or indivisble place redly does not exit unless there
actudly be something there to mak it, which, if there is interrupts the continuity”
(Century Dictionary).

If the proper characteristic of actuaity (secondness) is determination, a a logica
levd its oppostes are vagueness (firsdness) and genedity (thirdness), both being
conddered forms of indeterminacy. But what distinguishes vagueness from generdity in
Peirce's logicad view? To answer this question we have to look a an article, written in
1905 and ertitled Issue of Pragmatism, as wdl as follow the andyss that Robert Lane
(1999) dedicated to this subject:

The general may be defined as that to which the principle of excluded middle
does not apply. A triangle in general is not isosceles nor equilateral; nor is a
triangle in general scalene. The vague might be defined as that to which the
principle of contradiction does not apply. For it is false neither that an animal
(inavague sense) is male, nor that an animal is female.

The PEM doesn't gpply to the generd, while the PNC doesn't gpply to the
vague. Lane ascribes to the logicd Peirce of those years a digtinction between
determinate propositional terms and indeterminate propositional terms. The latter can be
divided in two different casses generd tems and vegue terms (which Lane cdls
indefinites). In order to express determinate terms in logic we usudly refer to a letter,
while to express indeterminate terms we refer respectively to the universa quantifier
(“All thex”) and to the exigentid quantifier (“Some x”).

Lane maintains that the PEM used by Perce differentiates itsdf from the PEM
we use nowadays (of the form p V -p), and that it has to be understood as a principle
that applies only to singular subjects That is to say: for every singular teerm S and for
every predicate P, the propodtion “S is P or S is not-P’ is true. This principle doesn't
apply to the general case, because “It is not the case, with regard to every predicate “P’
and every subject-term “S’, that “Sis P or S is not-P’ is true’, as we can naotice in the
case of the digunction “every coloured person live in Africa or every coloured person
don't livein Africa’.

In the same way, the Peirce’ s PNC applies only to definite subjects; thus if Sis a
definite term, then “S is P’ and “S is not-P’ and neither of them are true. The PNC
doesn't apply to vague terms because “it is not the case, with regard to every predicate
“P" and every indefinite subject-teem “S’, that “S is P and S is not-P’ is fdsg;
sometimes these propositions are true, as in the case of “some men are bad and some
men aren't bald”.

The same argument can be repeated dso for modd propostions; in fact, Peirce
tends to associate generdity and necessity, dtributes of the third category, as wel as
vagueness and possihility, atributes of the first category. We should therefore carefully
differentiate the cases where a principle doesn't gpply, and those where it is gpplied and
itisfagfied:



[...] | do not say that the Principle of Contradiction is false of Indefinites. It
could not be so without applying to them which is precisely what | deny of it. An
argument against what | say, namely, that the Principle of Contradiction does
not apply to “ A man” because“ Amanistall” and“ A manisnot tall”, can only
amount to saying that that man that istall is not, while tall, not tall. That istrue;
and that is what | mean by refusing to say that the Principle of Contradiction is
false of “ A man” but when it is said of that man that is tall, then he is not not-
tall, this is said of the existing man, which is not indefinite, but is, on the
contrary, a certain man and no other (MS641:24 2/3).

Thus, in Perces view, the generd propositions which express necessity are not
“neither true nor fasg’: for them the principle of excluded middie smply doesn't gpply.
The PEM and the PNC apply only to non-modd propostions concerning individud-
definite terms. Only for them the PEM and the PNC should be considered as dways
goplicable. Applicable but not absolutely true: for Peirce some cases do exist where they
are gpplicable but false.

Triadic logic is that logic which, though not rejecting entirely the principle of
Excluded Middle, nevertheless recognizes that every proposition, Sis P, is either
true, or false, or else S has a lower mode of being such that it can neither be
determinately P, nor determinately not-P, but is at the limit between P and not P
(MS339).

But which are those cases where a “lower mode of being a the limit” is required
and for which the principle of non contradiction and excluded middle are fse?

These are the cases where there is a continuity-breach. We have a continuity-
breach every time that a topica-sngular discontinuity (a reative discontinuity) marks a
gysem, and in so doing it interrupts its homogeneity and continuity. If you recal the
initid example, the decease divides the continuum of time into two diginguishable and
determinate parts, the previous state of life and the successve state of desth. However,
there are three dements, not two to be taken into condderation. A boundary exists
between the two determinate states.

One fundamental characteristic of Perce's modd is that these boundaries don't
limit an intermediate region with any specifiable area (or length) between the two states
they divide, rather they occupy an infinitesimal region that coincides with the limit of
ther relaion.

The notion of infinitesma plays a centrd role here. Perce, following his
father's path, holds, in contrast to the vast mgority of the mathematicians of the day,
that the concept of infinitesma doesn't involve any kind of contradiction: “the
illumination of the subject by a drict notation for the logic of reatives had show me
dealy and evidently that the idea of an infinitesmad involves no contradiction” (CP
6.113).

An infinitesmd quantity is Smply a podtive quantity less than any specifidble
quantity.®> Where the cantoreen model of continuity relies on the notion of “point”, the

2 And, in a letter wrote only three days later to William James: “I have long felt that is a serious
defect in existing logic that it takes no heed of the limit between two realms. | do not say that the
Principle of Excluded middle is downright false; but | do say that in every field of thought
whatsoever there is an indeterminate ground between positive assertion and positive negation which
isjust as Real asthey (NEM 3:851).

% Parker 1992: 92.



peirceen modd of continuity uses the notion of infinitesma ingead. The most relevant
difference is that the infinitesmds agang the individud points ae pefectly definite
(both logicaly and mathematicdly) being at the same time indeter minate:

If we analyse the behaviour of a curve at x and at x+dx, x+dx is not strictly a
point because two points necessary have to be at a certain length. Since
infinitesimals are not quantities but variables instead, then x+dx is not a point
but a variable pseudo-point. X and the pseudo-point x+dx are neither separate
not identical, but they are welded together. *

The infiniteamals express both an identity and a difference. In mathematics, a
the limit point between a curve and tangent we have that the point in the curve in
contact with the tangent and the point of the tangent in contact with the curve are no
more diginguishable one from the other. Thear digance is infinitesma, not measurable,
and 0 it follows that the two initid points should be considered as “welded together”.

This is a centrd point for Perce. Every continuity-breach provokes a relaion of
oppodtion between a Firg (the origind continuum) and a Second (the reative
discontinuity) through an infinitesma limit placed between them. As before, between
the curve and the tangent, & the limit we have an objectively indeterminate singularity.
Every sngular is an individud, every individud is definite Therefore “indeterminae’
refers here to an individud (the point, or the boundary, between the curve and the
tangent) which possess “a lower mode of being” for which it is definite (one can apply
the PNC) without being determined.

Triadic logic
Having presented Peirce's theory of mahematical continuity, and its logicd
differences from the cantorean model of continuity, we shal now see how this applies

to the famous example of the blot of ink. Perce used this example, in the Local
Notebook, as an introduction to the problem of triadic logic:

Thus a blot is made in the sheet. Then every point of the sheet is unblackened or
is blackened. Bit there are points on the boundary line, and those points are
insusceptible of being unblackened or being blackened, since these predicates
refer to the area about Sand a line has no area about any point of it (MS 339).

o I L

* Breger 1992: 79. This citation is taken from Paolucci (2005); in this paper, to which the present relation
is profoundly indebted, the author focus his attention on the problem of the generative potency of the
triads and on its application to the field of semiotic.



If a blot of ink is waled round upon a sheet we get are two determinate regions.
We have points completely black (P1) and points completdy white (P3). But what
Peairce found interesting was, of course, the line between the black and the white part.
Which colour do these points have? Peirce's answer is that the points on the line are at
the limit between white and black, neither fully black nor fully white and a the same
time both white and black. They occupy a region of infinitesma width, smaler then
any assgnable areg, a the limit between black and white.

The sheet is conddered as an origind continuous surface, a firdness. On it a
secondness is marked, the black blot of ink. The blot is a relatively discontinuous with
regard to the white surface; it in a relation of reaction between a first and a second.
However, it is in itsdf essentidly continuous as well as the other surface with which it
isin relation.

Exactly as before in mathematics, where the Aristotelian feature asserted that
two pats in a continuum have ther limit in common, aso here the border between
white and black has to be consdered in common; it is the contemporary overlap of the
two dates, the articulation of ther difference. This means that the points on the border-
line are both white and black, but neither fully white nor fully black.

Ohbvioudy, this image is only an icon of a logicd problem; it is sufficient to
subdtitute “true’” with “white’ and “black” with “fdsg’. Perce's tricotomic logic, besde
the two classcd truthrvaues “true’ and “fdse’, introduces a third value “L” to express
the date of things a the limit-point between truth and fagty. As the classicd tricotomic
sysems introduce a third vaue to include border-line (vague) cases, so the peircean
system contemplates the “L” vadue to include particular cases of indeterminacy at the
limit.

This vaue is assgned at these dtates of things because, in Peirce's view, the two
astions concerning the dae of thing a an infinitesma limit point, “the border is
white’ and “the border is black” are neither true nor fase. These assertions are non
modal-propositions concerning sngular and definite states of things (P2). Hence, for
what we have seen, the PEM as wdl as the PNC are applicable, both of which, given
the incomplete determination of P2, are here fadfied. It is true that the points on the
boundary are black and white (violating the PNC) and it is fse to say tha “the points
on the border are white or black” (violating the PEM).®> Said in truth-values terms, the
third vdue “L” is an obvious case of vidlation of the principle of bivdence for which a
proposition concerning a dtate of things (of the form “it is the case thet...”) is ether true
or fase

Peircé's tricotomic cdculus is't projected to diminate tout-court the three
fundamental principles of logic, rather his am is to extend classcd logic 0 as to
include objectively-indeterminate entities as the kind we met when we condder the
daes of things a limit in a truly-continuum sysem. The principle of bivdence is
generdly vdid for assertions concerning the date of things with the relevant exception
of assartion concerning the date of things at the limit in continuous system.

In a system where there are only discrete terms, or when we want to use a
perfectly defined sysem for our practicad purpose, the third vaue “L” is smply not

® Here, | must distinguish my perspective from Lane’s one. Lane holds that the PNC is true (thus
applicable) for state of thing at the l[imit in continuous system; however, from my point of views, both the
theoretical ground and the textual evidence (NEM 111: 747 e CP 6.126) strongly suggest that we can apply
the principle of non contradiction here, but it will resultsfalsified.



assigned and cdasscd logic should be condgdered completely vdid. The continuum-
vadued logic of Lucasewicz, for example, in which the truthrvdues are in a biunique
correspondence with the rea numbers between O and 1, could certainly be retained
useful for some practicd purposes. What Peirce would have objected to is that, by
anchoring the truth vaues to a numericd system, we could represent only pseudo-
continua and not true continuity just like that of atempord series.

For Peirce, time represents one of the best models of continuity that we can
directly find in experience. It is not a mere coincidence tha many examples of Leibniz
and Perce focus on a rolling hilliard bal that comes to rest, or on passages between
life/ldesth and deep/wake. As the gpatid continuum is not composed of ultimate-
indivisble parts, dso the tempora continuum is not composed of absolutely-individud
ingants. Every indant has to be condgdered in its “date of flow”; we could sngle out as
many breach-points as we desre by marking them and every one of them will posses
the same features of “L”: it will be a dae of things a the limit nether completely
different nor identica to the ingants that precede and follow. For this reason, when we
condder passages at the limit in a tempora system, applying a pseudo-continuum model
isamogt inadequate for the phenomenic field we are describing.

Peirce triadic logic and the dynamic of second or der-vagueness

Having discussed the rétionale of Perce's tricotomic caculus, and its necessary
connection with the theme of continuity, we shal now see if the objection of second-
order vagueness leaves this pergpective as meaningless as it does with the tricotomic
calculus of Kérmer or Halldén.®

Firg¢ of dl, we have to note that, actudly, following the peircean coordinates,
here we don’t have a problem of second-order vagueness but a problem of second-order
indeterminacy. The points on the border violate both the PEM and the PNC; hence, they
are in a date (the one at the limit) where they are both vague and generd: in a word,
indeterminate.

Therefore, here it would be more appropriate to speak of second-order
indeterminacy rather then second-order vagueness. We are changing only the terms and
the conceptua references, not the substance of the objection; the dynamics of the
passage from a firg leve of vaguenessindeterminacy to a second leve remain the same
indeed. The objection of second-order indeterminacy can be as decisive for the peircean
view as the objection of second-order vegueness is decisve for the other triadic
perspectives.

At firg 9ght, it seems that this objection applies dso to the percean view. We
have two determinate regions and an indeterminate vaue in between. So it seems vaid
to date that in so doing we place two more boundaries; in the former example between
“white’ and “L” and between “L” and “black”. Indeed, in the theoreticd ground of
Peirce's calculus, this kind of objection can’t be applied because it is ssimply beside the
point. If we consder that:

Let the clean blackboard be a sort of diagram of the original vague potentiality,
or at any rate of some early stage of its determination, this is something more
than a figure of speech; for after all continuity is generality.[...] This
blackboard is a continuum of possible points. [...] There are no points on this

® These are the two perspectives for which the objection of second-order vagueness could be regarded as
decisive, Williamson 1994: 111-113.



blackboard. There are o dimensions in that continuum. | draw a chalk line on
the board. This discontinuity is one of those brute acts by which alone the
original vagueness could have made a step towards definiteness. There is a
certain element of continuity in this line. Where did this continuity come from? It
is nothing but the original continuity of the blackboard which makes everything
upon it continuous. [...] Thus the discontinuity can only be produced upon that
blackboard by the reaction between two continuous surfaces into which it is
separated, the white surface and the black surface. [...] But the boundary
between the black and white is neither black, nor white, nor neither, nor both. It
isthe pairedness of the two. It isfor the white the active Secondness of the black;
for the black the active Secondness of the white (CP 6.203).

In this example, which precedes the ink-blot example by a few years, we can see
two important points. Firdly, dl the surfaces (the blackboard, the white line, the
boundary) are continuous. Secondly, we have a boundary where the parts are in “active
relation”.

But what do we mean by “active reaion”? Smply, that the boundary, as we
have described it, emerges only because it mediates and permits the relation between
the white and the black determinate and actual surface. This means thet, if we consder a
further divison between only one of the two determinate vdues and the indeterminate
one, without the second determinate region in an active relaion with the former, the
boundary as such disgppears It exigs only in the infinitesmd width a the limit
between white and black. In itsdf, the boundary doesn't exit, it isv't actud. In the same
way the third category works as the mediation between a first and a second, thereby
permitting their rdation, dso the boundary functions as the third reaive placed in
between the two extreme limits. But the third relative comes into being only because of
the mediation between a firsg and a second; in itsdf, without a first and a second, the
third isn't even red. By removing one extreme, we remove the boundary too.

If we imagine an ided separation of the two surfaces, the point (or, better, the
infinitesma region) on the boundary will be divided in two pats one goes with the
black surface, the other with the white surface, and the indeterminate “point” P2
disappears. Disgppears as such, but in redity it will split into two other points, one
determinately black, and the other determinately white. Moreover, if we rgoin the two
surfaces and we put them together again, the boundary resppears with the same
indeterminate features as before (NEM 4:342-3).

This view is the exact opposte of the cantoreen modd, which has to observe
Dedekind's theorem of the cut. This theorem dates that, due to the fact that we consider
the point as an individud, discrete, determinate and indivisble entity, if we cut a
segment AB in a point t then the point t mugt join only one of he two haves of the
segment.

The difference is, again, that in a percean continuum only potential places upon
which we can mark points exist. These places, before the actua mark, are only potentia
and red, while in the cantorean continuum the points are aways conceived as actud
and exigtent.

As we have seen before, for Peirce using a synechistic theory and the concept of
infinitesma quantity does not involve any contradiction a dl. But wha's more,
according to Perce, it is the cantoreen mode of continuity that leads draght to
paradoxes like, for example, Zeno's.



All the arguments of Zeno depend upon that a continuum has ultimate parts. But
a continuum is precisely that, every part of which has parts, in the same sense.
Hence, he makes out his contradictions only by making a self-contradictory
supposition. In ordinary and mathematical language, we allow ourselves to
speak of such parts -points- and whenever we are led into contradiction thereby, we
have simply to express our selves more accurately to resol ve the difficulty (CP 5.335).

Paradoxes like “Achilles and the tortoisg” are aeated because we suppose that a
continuum has ultimate parts like a (trandfinite) series of actudly exigent points instead
of an origind continuum of potentidities This potentid continuum can dways be
interrupted by marking on it as many point as lequired for our practical purpose but, in
that process, we dways have to remember that these “points’ are only abstractions
which shouldn’t be substituted for the redl topologicd festures of the continuum.

Conclusion

The generd dynamic of second-order vaguenesslindeterminacy presents a least
one case in which it can't be gpplied, this case being precisdly the sysem of triadic
logic developed by Peirce in order to process passages a the limit in truly-continuous
sysemsin aformd way.

This paticular feature of the peircean view is a consequence of the conjunction
between his specific theory of triadic continuity, the hypothess of synechism, and his
necessary reference to the concept of infinitesmal. In Perces view, the boundary
between two coloured surfaces, or the third truth-vaue “L”, is red only in 0 far as it
mediates two determinate terms crested by a rdative discontinuity that marks the
origind continuum. In itsdf, it is only potentid, neither actud nor exigent. That means
that it disgppears as soon as we consder only a dyadic relaion between it and only one
of the two determinate terms, blocking therefore the dynamic of an infinite regress.

In concluson, Perces origind conceptud ground enables him to define a
complete system of triadic logic to which the dynamic of second-order vagueness
samply can't be gpplied.
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