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Abstract

The most recent Brazilian national K-12 curriculum framework, the
National Common Curricular Base (BNCC), introduced algebra as a topic to
be developed starting in the early elementary grades. This highlights the
importance of research in understanding the algebraic knowledge and the
development of algebraic skills among teachers who teach mathematics in
the early elementary grades. This article presents the results of a study
examining how early elementary teachers who teach mathematics in a
public school in the interior of the state of Bahia understand the content of
algebra, as well as how they approach teaching it. The methodology was
qualitative, with data drawn from responses to a questionnaire
administered to 19 teachers. The results showed that 63.16% of the

teachers reported feeling unsure about teaching algebra; they had no
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clear understanding of the curriculum and could not name specific tasks
they might use with their students. This suggests that these teachers are
either unprepared or only minimally prepared to teach algebra. The data
also point to a need for continuing education to support these teachers'
professional development in mastering mathematics content and
instruction, so that algebra instruction can be effectively implemented at
this grade level, thereby making this practice viable.

Keywords: Early algebraic thinking, Mathematical knowledge of

generalist teachers, Early elementary education, Diagnostic study.

Resumen

El mas reciente documento oficial de Educacion Basica, Base Curricular
Comun Nacional (BNCC), trajo el desarrollo del Algebra desde los primeros
anos de la Educacién Primaria. Este hecho mostrd la importancia de la
investigacion sobre la introduccion de conceptos y el desarrollo de
habilidades algebraicas por parte de profesores de educacién primaria.
Este articulo presenta los resultados de un estudio que investigo las
concepciones de los profesores de Educacion Infantil sobre Algebra. La
metodologia adoptada fue cualitativa, con datos recogidos a través de las
respuestas proporcionadas a un cuestionario aplicado a 13 docentes. Los
resultados indicaron que el 72,7% de los docentes reportaron inseguridad
respecto a la ensefianza de la unidad tematica Algebra, lo que los lleva a
considerarse poco o no preparado sen relacion a los conocimientos
necesarios para desarrollar las actividades algebraicas. Ademas, los
docentes no demostraron claridad a respecto de su conocimiento del
curriculo, especialmente en aspectos como la relacidn entre las
actividades propuestas y el desarrollo del pensamiento algebraico. Los
datos resaltan la necesidad de una formacidon continua en temas que
favorezcan el desarrollo del pensamiento algebraico, permitiendo Ila
implementacién efectiva de la ensefanza del Algebra y resaltando la

viabilidad de esta practica.
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Palabras clave: Early algebraic, Pensamiento algebraico,
Conocimientos Matematicos de Docentes multidisciplinarios, Educacion

primaria, Estudio diagndstico.

Résumeé

Le document officiel le plus récent sur I'éducation de base, le Programme
national commun de référence (PNCR), a introduit l'algébre deés les
premiéres années de |'école primaire. Ce fait a mis en évidence
I'importance de la recherche sur les connaissances et le développement
des compétences algébriques chez les enseignants de mathématiques en
maternelle. Cet article présente les résultats d'une étude portant sur la
compréhension, par les enseignants de mathématiques en maternelle
d'une école publique de l'intérieur de Bahia, du contenu de l'algébre, ainsi
que sur leurs connaissances relatives a son enseignement. La
méthodologie adoptée était qualitative, les données ayant été recueillies
au moyen d'un questionnaire administré a 19 enseignants. Les résultats
indiquent que 63,16 % des enseignants ont fait part d'une incertitude
quant a l'enseignement de l'algebre, révélant un manque de clarté dans
leur connaissance du programme et une incapacité a proposer des
activités pédagogiques a réaliser avec leurs éleves. Ce résultat nous
amene a conclure que ces enseignants ne sont pas (ou sont
insuffisamment) préparés a l'enseignement de l'algebre. De plus, les
données soulignent la nécessité d'une formation continue, permettant leur
développement professionnel en matiere d'appropriation des contenus et
d'enseignement des mathématiques. Ceci permet une mise en oceuvre
efficace de I'enseignement de l'algébre a ce niveau scolaire, et rend cette
pratique réalisable.

Mots-clés : Early algebraic, Pensée algébrique, Connaissances
mathématiques des enseignants multidisciplinaires, Ecole primaire, Etude

diagnostique.

Resumo
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O mais recente documento oficial da Educacdao Basica, Base Nacional
Comum Curricular (BNCC), trouxe a Algebra para ser desenvolvida desde
0s primeiros anos do Ensino Fundamental. Este fato mostrou a
importancia da pesquisa na compreensdo do conhecimento e do
desenvolvimento de habilidades algébricas por professores que ensinam
matematica nos Anos Iniciais. Este artigo apresenta os resultados de um
estudo que identificou a compreensao das professoras de Anos Iniciais
gue ensinam matematica em uma escola publica do interior da Bahia,
sobre o contetido de Algebra, bem como seu conhecimento acerca do seu
ensino. A metodologia adotada foi qualitativa, com dados coletados por
meio das respostas fornecidas a um questiondrio aplicado a 19
professoras. Os resultados indicam que 63,16% das docentes relataram
inseguranca quanto ao ensino de Algebra, ndo demonstrando clareza
quanto ao conhecimento do curriculo, tampouco sabendo especificar
possiveis tarefas que poderiam ser desenvolvidas com seus estudantes.
Tal resultado nos leva a inferir que essas docentes nao estao (ou estao
pouco) preparadas para o ensino de Algebra. Além disso, os dados
evidenciam a necessidade de formacdo continua, possibilitando o
desenvolvimento profissional delas no que tange a apropriacdo de
contelidos e ensino de Matematica. Tal permite a implementacdo eficaz do
ensino da Algebra nesse nivel de escolarizacdao, bem como a viabilizacdo
dessa pratica.

Palavras-chave: Early  algebra, Pensamento algébrico,
Conhecimento matematico de professores polivalentes, Anos iniciais,

Estudo diagndstico.
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Conceptions of elementary school teachers about algebra and its
didactic implications

Introduction

Algebra has been widely investigated by the mathematics education
community since the early 1980s. Interest in early algebra is more recent,
dating back to the late 1990s, though it was not yet called by that name
(e.g., Kieran, 1992; Schliemann, Carraher, Pendexter, & Brizuela, 1998).
From the 2000s onward, the term early algebra became popular among
researchers in the field (e.g., Stacey et al., 2004; Blanton et al., 2007;
Kaput et al., 2008; Schliemann, Carraher, & Brizuela, 2000; Vale et al.,
2009).

Today, early algebra is a recognized research subfield, attracting
interest from researchers in various parts of the world, including Ponte
and Vale in Portugal; Molina, Ayala, and Cafada in Spain; and Blanton,
Carraher, Schliemann, and Brizuela in the USA. In Brazil, early algebra
has sparked interest among several researchers, including Ayres (UFQC),
Silva (FURG), Magina and Merlini (UESC), and Ribeiro (UniABC), among
others.

As early as 2000, the United States, through the NCTM, proposed a
systematic approach to early algebra (Vieira, Magina, and Luna, 2022).
This proposal also influenced the curricula of countries such as Australia
(2011), Chile (2012), the United States itself (NCTM, 2000), Japan
(2008), and Portugal (Canavarro, 2007), all of which began to include
algebra in their curricula (Magina and Molina, 2023).

In Brazil, this discussion was delayed and only began to be
considered with the implementation of the National Common Curricular
Base (BNCC). The new Brazilian curricular document, ratified in late 2017
and published in late 2018 (Brasil, 2018), proposes introducing algebra
informally in the early elementary grades, as part of the development of

mathematical thinking.
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We must consider that, since the BNCC (Brasil, 2018) was published
at the end of 2018, its implementation in classrooms began in 2019.
However, the years 2020 and 2021 represented a period of stagnation for
Brazilian education due to the Covid-19 pandemic. Regular school
activities did not resume until 2022, which means the algebra content
strand is still too new for teachers at this level to have mastered it in their
initial training or even in continuing education.

Given the importance of teacher knowledge for student learning, it is
essential to understand how early elementary teachers think about
algebra and its teaching. Although the literature points to advances in
introducing early algebra into curricula and highlights the importance of
teacher preparation for teaching algebra (e.g., Kieran et al., 2016;
Magina, Oliveira, and Merlini, 2018; Cintra, 2024), studies that jointly
investigate the knowledge, professional confidence, and instructional
approaches of teachers who teach mathematics in the early elementary
grades are still scarce.

In light of this, the study seeks to answer the following research
guestion: what algebraic knowledge, conceptions, and instructional
practices do early elementary teachers draw upon? Building on the
guiding question, the objective is to identify the knowledge and
conceptions about algebra, as well as the pedagogical knowledge, held by
19 teachers who work in the early elementary grades of a public school in
the interior of Bahia. To this end, a qualitative investigation was
conducted, using a questionnaire administered to the participants as the
data collection instrument.

Before describing the data collection methodology, we must address two
theoretical points. The first concerns the teacher's mathematical
knowledge, since the data analysis draws on categories that emerge from
these teachers' mathematical and pedagogical conceptions. The second

discussion concerns algebraic thinking.
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Teachers' learning and professional knowledge

When considering aspects of student learning, the teacher's role is
integral to the process. According to Ribeiro (2011, p. 91), "teachers are
the main source of knowledge for students [...] and therefore need to
have solid professional knowledge across all its dimensions." It is in light
of this importance that we set out to investigate the mathematical
knowledge—specifically, the algebraic knowledge—of those who teach
mathematics in the early elementary grades. By seeking to understand
how this knowledge base is built, we also aim to contribute to the
discussion about the need for continuing education for teachers who teach
mathematics in the early elementary grades, with algebraic thinking as
the central focus.

From this perspective, we draw on the professional knowledge
described by Shulman (1986) and Ball, Thames, and Phelps (2008),
especially the distinction between subject matter knowledge and
pedagogical content knowledge and their implications for teaching.

Shulman (1987) considers seven domains that make up the
knowledge inherent to the teaching profession. Of these, three deal
specifically with the subject matter to be taught: subject matter content
knowledge, curricular knowledge, and pedagogical content knowledge.

Content knowledge encompasses more than facts and concepts; it
includes the principles, organizing structures, and rules that legitimize
what is done in a given field of knowledge. The teacher not only needs to
know about the content, but also needs to understand the structure on
which this knowledge is based (Shulman, 1986). Curricular knowledge, in
turn, involves command of the programs designated for teaching a
discipline at a given level of schooling, as well as the available
instructional materials.

Shulman (1986) treats pedagogical content knowledge as a bridge
between content knowledge and teaching practice, since mastering the

content does not guarantee that the teacher knows how to teach it. This is
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the domain that includes knowing how to present content in ways
students can understand, through analogies, examples, illustrations, and
demonstrations. It is not, then, a matter of placing content knowledge on
one side and pedagogical knowledge on the other, but of an amalgam of
the two. Ball, Thames, and Phelps (2008) consider this amalgam central
to the knowledge required for teaching.

In the context of this study, this connection is especially relevant, since
the teachers' conceptions of algebra for the early elementary grades may
reflect not only gaps in content knowledge, but also limitations in how that

content is translated into instruction.

Algebra from a new perspective

As noted earlier, until the 20th century the teaching of algebra
began only in middle school, with the early elementary grades devoted to
arithmetic. Arithmetic instruction made no effort to develop generalized
reasoning in students. Historically, algebra has been responsible for high
failure and dropout rates (Kaput, 2008).

This high worldwide failure rate made algebra an important research
topic, giving rise to the term algebraic thinking, although there is no
consensus on its definition (Kieran, 2022). However, in 2004, the Early
Algebra group at the 12th ICMI Study Conference on Algebra agreed on
two characteristics that define algebraic thinking: (i) it involves deliberate
generalization and expressions of generality; (ii) it involves reasoning
based on syntactically structured forms of generalization (Lins & Kaput,
2004, our translation).

These two characteristics are present in the categories defined by
Blanton et al. (2007) for algebraic thinking: (i) generalized arithmetic,
which uses arithmetic procedures to express and formalize

generalizations, and (ii) functional thinking, characterized as the
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generalization of numerical or geometric patterns to describe functional
relationships.

Blanton and Kaput (2005) conducted a study to investigate how teachers
might plan their lessons in ways that foster the development of algebraic
thinking skills in their students. To this end, the authors established five
subcategories for generalized arithmetic and five for functional thinking.
For generalized arithmetic, these were: 1) exploring properties and
relations of numbers; 2) exploring properties of operations on numbers;
3) exploring equality as the expression of a relation between quantities;
4) treating numbers algebraically; and 5) solving for an unknown in
numerical expressions.

Synthesizing the ideas of Blanton and Kaput (2005), Kieran (2022)
argues that the study of algebraic thinking has evolved. Although different
lines of research take different approaches, she identifies a set of
dimensions that integrate the two central perspectives into a tripartite
framework: (i) analytical thinking; (ii) structural thinking; and (iii)
functional thinking. Analytical and structural thinking are rooted in the
perspective of generalized arithmetic, in which number is the basic
mathematical object. These two dimensions overlap and interact, and can
be condensed into a single, broader dimension—relational thinking.
Maintaining this separation, however, allows us to identify which type of
thinking underlies the transformations and aspects of equivalence in
students' solutions. By contrast, the functional thinking dimension treats
the function as the basic mathematical object, reflecting its undeniable
place in the school algebra curriculum.

It is clear, then, that the concept of algebraic thinking is in a
constant process of discussion and evolution, raising a variety of questions
regarding its classroom application, such as: what do teachers understand

about algebraic thinking? What tasks should teachers implement in the
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early elementary classroom? How are teachers being trained? Given that
teachers are responsible for instruction and must understand the content
to teach it, what perceptions do they actually hold?

For a productive discussion to take place with students, teachers
must have the knowledge needed to guide them and to reflect with them
on their actions. To that end, teachers—especially those already in the
classroom—must be supported through continuing education (Kaput,
2008; Ferreira, 2017).

This is the direction of our study. Next, we turn to the methodology,
discussing the school, the teachers who participated in the research, the
method and instrument used in data collection, and the categories of

analysis.

Study path

The study was conducted as part of a professional development
program at a public school in a city in eastern Bahia, focused on the
theme 'Early Algebra: Developing Algebraic Thinking Through Patterns.’
The professional development program, in which the first author served as
both researcher and facilitator, was designed in collaboration with the
teachers who teach mathematics in the early elementary grades at that
school during the 2025 school year.

Data were collected at the first meeting of the program using a two-part
questionnaire. The first part includes questions about sociocultural
background, designed to identify the training and profile of these teachers
who teach mathematics in the early elementary grades. The second part,
focused on mathematical knowledge, aimed to identify these teachers'
conception of algebra and the instructional approaches they would use, at
this level of schooling, to develop the algebraic concept with their

students. In this article, we focus on responses to certain questions in the
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second part of the questionnaire, which was administered in a group
setting but answered individually. These questions addressed content
knowledge for teaching and pedagogical content knowledge.

The study adopted a qualitative, descriptive methodology. Data
collection consisted of a questionnaire, which the teachers answered
individually in writing. The questionnaire is divided into two parts; the first
contains six questions focused on the teacher's training and professional
development. The second part consisted of seven questions and
addressed the teachers' mathematical and curricular knowledge. For the
purposes of this study, we selected five questions from the second part.

These five questions are presented in Figure 1 below.

Figure 1

The five (of seven) questions that made up the second part of the

Questionnaire

e
3. List the topics below in the order in which you feel most confident teaching them
to your students. (1 = most confident, 6 = least confident)
( ) Numbers
( ) Algebra
( ) Geometry
() Probability and Statistics
() Other, which?

4. At what point in school life do you identify that the teaching of Algebra should begin?
() Early childhood education ( ) Early years () Final years of elementary school
Specifically in which school year?

5. Should | teach Algebra in the early years? () Yes () No
Why?

6. Check the teaching support material(s) you use in your Mathematics classes.

( )Textbook ( )Abacus ( )Golden Material ( )Logic Block ( )Soroban ( )Cusinare Scale
( )Educational Software ( )Whiteboard ( ) Other, which?
Among the materials you checked, which do you use most?

7. What would you like to say about teaching Mathematics that wasn't asked?
. J

Source: Instrument developed by the authors for this research.

Question 3 sought to investigate the teachers' conceptions of
teaching algebra. Question 4 sought to determine which grade level the

teachers considered appropriate for beginning the study of algebra.
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Finally, questions 5, 6, and 7 asked how the teachers approach algebra in
the classroom and what activities they suggest for teaching it.

Our unit of analysis sits at the intersection of two dimensions:
Dimension I, the teachers' conceptions (content knowledge), and
Dimension II, their instructional proposals (curricular knowledge and
pedagogical content knowledge).

Dimension I, the teachers' conceptions—content knowledge—refers
to knowledge that can be developed across educational levels and that is
held by anyone who engages in a mathematical task.

For Dimension II, the Instructional Proposals, the analysis is
grounded in the following: curricular knowledge refers to the guidelines
and approaches tied to the mathematics curricula designed for each
educational level, along with the instructional materials. Pedagogical
content knowledge integrates specific mathematical knowledge with the
pedagogical and instructional aspects of teaching that shape student
learning.

The data analysis is organized into two sections: the first on the
teachers' conceptions, the second on their instructional proposals. The
analysis of the proposals will consider the content the teachers identify as
belonging to algebra and the activities they suggest for working on

algebraic concepts with students.

Data analysis

Nineteen teachers from a municipal public school in a small town
(fewer than 30,000 inhabitants) in eastern Bahia were invited to
participate in the study; all were women. All agreed to answer the
questionnaire. The vast majority of the teachers (17) held a degree in
elementary education, one held a degree in history, and one was pursuing

a degree in elementary education. Of the 17 with elementary education
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degrees, six held a graduate degree. In terms of length of service, most
had more than ten years of teaching experience. The breakdown was as
follows: three reported up to five years of teaching experience, four had
between six and ten years, two had 11 to 15 years, one had 16 to 20
years, and the remaining nine had 21 or more years.

Given this profile, the participants can be summarized as experienced
professionals (more than 10 years in the classroom) trained primarily in
elementary education.

The teachers' conceptions category—content knowledge—includes
the teachers' reports about how confident they feel teaching the five
content strands of the BNCC (Brasil, 2018). One point the teachers raised
in the discussions following the questionnaire was a lack of confidence in
teaching algebra in the early elementary grades. This is an important
point, since the teacher is expected to be "capable of explaining why a
specific proposition is considered warranted, why it is worth knowing, and
how it relates to other propositions, both within the discipline and outside
it, both in theory and in practice" (Shulman, 1986, p. 9).

When teachers report being "not very confident" about teaching
algebra in the early elementary grades (Table 1), they sighal a hope that
a teacher educator will teach them a topic they never learned themselves
(Shulman, 1986). Table 1 below shows how these teachers rated their

confidence across the strands.
Table 1

Teachers' evaluation of teaching in thematic areas (question 3).

Evaluation 1 6

Key themes Not 2 3 4 5 Very Blank I?at:Iswer
secure secure

Numbers 1 - - - 3 13 2 19

Algebra 12 - 2 2 1 - 2 19

Geometry 6 - - 1 4 6 2 19

Quantities 4 - - 1 8 4 2 19
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and

Measureme

nts

Probabilityan o

dStatistics > 1 8 3 2 19
Total 28 0 2 5 22 26 10 95

By far, the strand that teachers felt most confident teaching was
Number and Operations (more than half the group gave it the maximum
confidence score), while the strand the majority of teachers (12) felt least
confident teaching was the Algebra strand. It is also striking that two
teachers left the rating blank. Notably, although these two teachers left
the rating blank, they did write down the concepts (or instructional
materials) they considered related to the strands. Finally, it is striking that
"not very confident" was the most common rating, followed by "very
confident." With 19 teachers each rating their confidence across five
strands, there were 95 total responses; of these 95 responses, 30% were
'not very confident,' particularly regarding the Algebra strand. Conversely,
28% of the total responses were 'very confident,' particularly regarding
the Number and Operations strand.

These are the first indications of a gap in these teachers' training
with respect to the Algebra content strand. Along these lines, we see a
need for continuing education for early elementary teachers focused on
the five strands, and especially the Algebra strand. We see an urgent need
to provide tools that help teachers build their own algebraic knowledge,
since students' construction of new concepts ultimately depends on the
teacher's knowledge.

There is, then, nothing more fundamental to a teacher's
effectiveness than their knowledge of the subject they teach (Ball,
Thames, and Phelps, 2008). The quality of mathematics teaching depends
on teachers' knowledge of the mathematical content (Ball, Hill, and Bass,

2005). The data in Table 1 indicate that the teachers in this study are far
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from confident teaching algebra in the early elementary grades, which
makes it harder for their students to develop algebraic thinking.

Although early elementary teachers are not responsible for teaching
formal algebra, they are responsible for preparing students with the prior
knowledge they will need to learn algebra (Blanton et al., 2007). Early
elementary teachers are expected to be prepared to teach intuitively—
without the use of letters or symbols—through work that involves "the
ideas of regularity, generalization of patterns, and properties of equality.
However, at this stage, the use of letters to express regularities is not
proposed" (Brasil, 2018, p. 272).

In contrast to the Algebra strand, the Number and Operations strand
was rated higher by these teachers. By rating Number and Operations as
the strand they feel "very confident" teaching, these teachers may be
signaling that their instructional focus is on procedural fluency with the
four arithmetic operations. While these are very important for handling
algebraic knowledge, as Kieran (1985) notes, they cannot substitute for
the other strands.

Regarding content knowledge for the Algebra strand, five of the 19
teachers wrote something in the space provided for related topics. Of
these five, only two listed content they considered related to algebra
(calculations and numerical expressions; numerical sequences). Figures 2

and 3 below show the responses given by these two teachers.
Figure 2

Teacher P5C's response to question 3, part II of the questionnaire

3.Enumere os eixos tematicos abaixo na ordem em q
alunos. (1 = mais se: 2uro, 6 = pouco seguro),

GINumeros S aa o on. AR Q\M@—) MM&

(5)Algebra € Sl b o o JJLQMQ-_—,.
(5)Geometria M
(5) Grandezas e Medidas Q_,-jw&f)y(aw_o—’)

(4)Probabilidade ¢ Estatistica ’r

Nas linhas ao lado de cada um dos eixos acima, escre¥a um&ontetdo pertencente a esse eixo, o qual vocé
ni(:onmdera muito importante o seu ensino para os alunos (se ndio souber pode escrever “nio sci™)

ue voce se sente mais seguro(a) para ensinar para scus
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Teacher P5C's response about content belonging to the Algebra
strand—calculations and numerical expressions—is accurate and can
indeed contribute to the development of students' algebraic thinking. In
the literature, the notion of equality is used to transition students from
arithmetic expressions to algebraic equations. Carraher and Schliemann
(2007) note that structured tasks encourage students to move toward
algebraic rules.

From a teaching standpoint, we cannot lose sight of Shulman's (1986)
point that teachers must have knowledge of the content already taught,
the content they are responsible for teaching in the current year, and the
content planned for subsequent grades.

Below, we present and discuss P1A's response, with reference to Figure 3.

Figure 3

Teacher P1A 's response to question 3, part II of the questionnaire

3.Enumere os eixos tematicos abaixo na ordem em que vocé se sente mais seguro(a) para ensinar para seus
alunos. (1 = pouco seguro, 6 = muito seguro).

() Numeros N urnanes Niﬁ:’lm/x
() Algebra__ Dpuircia  Niam&urn
() Geometria ;

( ) Grandezas e Medidas

() Probabilidade ¢ Estatistica

Nas _linhas ao lado de cada um dos eixos acima, escreva um conteudo pertencente a esse eixo, o qual vocé
considera muito importante o scu ensino para os alunos (se¢ ndo souber pode cscrever “‘ndo sei™).

As shown in Figure 3, P1A points to "numerical sequences" as

content belonging to the Algebra content strand. There is, indeed, clear
regularity in a numerical sequence. However, according to Vale et al.
(2011), tasks involving numerical sequences are usually grounded in
extending the sequence, drawing on recursive reasoning rather than
fostering generalization.
Based on what is shown in Figures 2 and 3, the participating teachers
clearly draw a strong connection between algebra and arithmetic. From an
instructional standpoint, this may make it easier to introduce the concept
of patterns through the recognition of arithmetic generalization (e.g.,
Carraher & Schliemann, 2007; Vale et al., 2006).
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Regarding content knowledge for teaching, one participant in our
study cited instructional dominoes as a topic for developing algebraic
thinking with the children; however, she was referring to an instructional

tool rather than actual mathematical content (see Figure 4).
Figure 4

Teacher P4B's response to question 3, part II of the questionnaire

3.Enumere os eixos temdticos abaixo na ordem em que vocé se sente mais seguro(a) para ensinar para seus
alunos. (1 = pouco scguro 6 = muito scguro).

( ) Namero:
( ) Algebrs mnmm.ﬁ-zmw 0 (o) 21
( ) Geometria -4,¢n 'AW&M"M /
( ) Grandezas bMedidas (ow Jin, 7, otl

) Probabilidade ¢ Estatistica |

as linhas ao lado de cada um dos eixos acima, escreva um Contéudo pertencente a esse eixo, o qual vocé
‘ nsidera muito importante o seu ensino para os alunos (se ndo souber pode escrever “ndo sei”).

Teacher P4B's response reflects her uncertainty in identifying
content suitable for teaching algebra intuitively to students in the early
elementary grades. Closely tied to this is the question of specific content
knowledge, since command of the content guides the teacher in choosing
explanations, structuring lessons, and shaping how material is
represented in instruction (Shulman, 1986).

This echoes the point made in the theoretical framework regarding
the importance of teachers mastering the content present in the school
curriculum (Shulman, 1986; Ball and Phelps, 2008). An example of this is

shown in Figure 5.
Figure 5

Teacher P3E's response to question 3, part II of the questionnaire

3.Enumere os eixos tematicos abaixo na ordem em que vocé se sente mais seguro(a) para ensinar para seus
alunos. (1 = pouco scguro, 6 = muito scguro).

(4 Niameros CRayrasy i Adins

(DAlgebra____ o AsiC

ﬁ) Geometria AE\COD WM Con

() Grandezas e Medidas cenduda, da eomipvmunds
(L) Probabilidade ¢ Estatistica _ ~nos Al

Nas linhas ao lado de cada um dos eixos acima, escreva um contetdo pertencente a esse €ixo, o qual vocé
considera muito importante o scu cnsino para os alunos (se ndo souber pode escrever “ndo sei”).
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Of the 19 teachers, only two mentioned specific mathematical
content; the rest either left the question blank (fifteen teachers), explicitly
wrote "I don't know" (one teacher—Figure 5), or cited an instructional tool
(one teacher—Figure 4) as an example of algebra content. The number of
blank responses, combined with "I don't know," leads us to hypothesize
that these teachers do not yet possess the necessary algebraic
knowledge, nor do they know how to apply it in their teaching.

In this sense, simply including the Algebra content strand as one of
the strands of the BNCC (Brasil, 2018) is not enough to ensure that
algebraic activities are actually carried out with students in the classroom.
As Magina et al. (2018, p. 20) put it, "it is not enough to propose the
introduction of algebraic concepts in the early elementary grades, nor is it
enough to change the curriculum; above all, the teachers themselves
must be prepared, since they are responsible for actually implementing

this curriculum, especially in the early elementary grades."

Developing algebraic thinking is a challenge for early elementary
teachers (Kaput, 2000), since they themselves were schooled in an
environment of traditional algebra teaching and therefore tend to
teach the way they were taught (Blanton et al., 2007). Most
elementary school teachers see algebra as a set of rules and
procedures for solving problems. This narrow view of algebra
creates a barrier to understanding algebraic thinking (Billings,

2008).

Studies such as Cooney's (1998, p. 355) show how difficult it can be
to implement curricular reforms, since "reform is not a matter of paper,
but a matter of people" (our translation). Therefore, to promote teaching
that fosters the development of algebraic thinking in students, we must
recognize that teachers need to be able to design and organize instruction
that builds the conceptual connections of algebra from the early

elementary grades onward (Sousa, Panossian, and Cedro, 2014).
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Given this context, the teachers' conceptions category (content
knowledge for teaching) reveals inadequate teacher training regarding the
knowledge and skills required to teach the Algebra content strand in the
early elementary grades. This gap stands out when 63.2% of the 19
teachers in the study state that they feel poorly prepared to teach this
strand (Table 1). Likewise, the vast majority of teachers did not
demonstrate the knowledge needed to implement such tasks. We can
therefore conclude that activities aimed at developing algebraic thinking

are not being implemented with students.

Instructional proposals—curricular knowledge and pedagogical
content knowledge

Algebraic thinking is not solely based on the use of letters and
equations. Nor is it a matter of replacing the curriculum with new topics.
Rather, it suggests developing in the early elementary grades a way of
thinking algebraically that can support the later learning of algebra
(Kaput; Blanton, 2001).

Dimension II, the Instructional Proposals (curricular knowledge),
addresses the new BNCC proposal (Brasil, 2018) for the early elementary
grades and its connections with subsequent grades, analyzing how it
develops across the curriculum. Table 2 below summarizes the teachers'
responses to question 4 of part II of the questionnaire.

Table 2

Teachers' views on the appropriate grade level for teaching algebra

Early Elementa High

Level of . Fundamen Blan

Education Ch'ldhO.Od ry tal School Scho k
education School ol

Teachers'

recommendat 0 9 6 0 4

ions
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According to Table 2, nine teachers (47.37%) believe algebra should
be taught in the early elementary grades, while six (31.58%) explicitly
state that it should not. It is striking that four teachers (21.05%) did not
take a position on this and left the question blank. Furthermore, of the
nine who agree, only one (P4B) states that algebra can be taught
throughout the early elementary grades. She argues that beginning to
develop algebraic thinking with students in the early elementary grades
provides learning experiences and helps prepare them for the algebra
taught in the upper grades (see Figure 6 below). This is particularly
striking because this same teacher rated herself as "not very confident" in
teaching this content. Taking these two responses from P4B together
(Table 1 and Figure 6), it is clear that although she considers it important
to introduce algebra in the early elementary grades, she does not feel

confident teaching this strand.
Figure 6

Teacher P4B's response to question 4 of part II of the questionnaire

4.Em qual momento da vida escolar vocé identifica que 0 ensino da Algebra deve ser iniciado?
( ) Educacdo infantil  (P9Anos iniciais ( )Anos finais do Ensino Fundamental ~ ( ) Ensino Médio
|

Especificamente. em que ano escolar? E por qué? /0 OMEN iR }u& 1St D
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Another teacher believes algebra should be taught only at the very
end of the early elementary grades, in order to prepare students for the
formal algebra they will encounter the following year. This is the case with

P5D, as shown in Figure 7 below.

Figure 7

Teacher P5D's response to question 4 of part II of the questionnaire
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As Figure 7 shows, P5D's proposal runs counter to what the
literature on early algebra has put forward (Blanton et al., 2007; Kieran,
2022; Magina and Molina, 2023). All of these scholars emphasize the
importance of introducing algebraic situations from the start of schooling,
with the aim of developing students' algebraic thinking.

Finally, as Table 2 shows, the teachers are divided on when the
development of algebraic thinking should begin. Almost 30% —six of the
19 teachers—argue that students will not be able to reason in algebraic
terms until middle school. P3C's response on when algebra should be
introduced suggests an even later timeline than P4B's, proposing that it be

introduced only in the 7th grade (see Figure 8 below).
Figure 8

Teacher P3C's response to question 4 of part II of the questionnaire

4.Em qual momento da vida escolar vooé identifica que o ensino da Algebra deve ser iniciado?
( ) Educacéo infantil ( )Anos iniciais  (X)Anos finais do Ensino Fundamental () Ensino Medio

Especificamente eim que ano escolar? E por qué?

Figure 8 shows that both P4B and P3C advocate introducing algebra
late (at the end of the early elementary grades, or only in the 7th grade).
P3C's reasoning is that by 7th grade, students would already have

mastered numerical expressions. Once again, it is clear that some
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teachers are heavily focused on the Number and Operations strand, which
we read as a focus on arithmetic (treated as something separate from
algebra).

We argue that if students and teachers routinely spent the first six
years of school developing arithmetic and algebraic reasoning at the same
time—with different emphases at different stages—arithmetic and algebra
would come to be seen as inextricably linked.

The second subcategory, pedagogical content knowledge, integrates
specific mathematical knowledge with the pedagogical and instructional
aspects of teaching that shape student learning.

Of the nine teachers who stated that algebra can be taught in the
early elementary grades, five believe it is possible but do not know exactly
what to teach or how to teach it. The remaining four propose arithmetic
guestions. However, the algebra proposed in the BNCC (Brasil, 2018) for
the early elementary grades calls for tasks involving the idea of
regularities, generalization of patterns, understanding equality as
equivalence, and proportional reasoning.

In this discussion, one teacher mentioned numerical sequences but did not
connect them with generalization, which is one of the goals of working

with patterns. This is shown in Figure 9.
Figure 9

Teacher P4B's response to questions 6 and 7, part II of the questionnaire
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Knowledge of generalization is fundamental to working on algebra in

the early elementary grades (e.g., Blanton et al., 2015; Ponte et al.,
2009; Vale et al., 2011). Generalization is considered a central element of
algebraic thinking (Vale et al., 2009).
Vale et al. (2011) emphasize that the use of patterns in sequences is a
crucial component of mathematical activity, since it makes it possible to
conjecture, generalize, and develop functional reasoning, allowing
students to determine any term in the sequence. According to these
authors, the study of patterns helps students learn and identify
relationships, laying the groundwork for generalization.

Regarding instructional proposals and the teacher's pedagogical
content knowledge for developing algebraic thinking, the participants in
our study indicated approaches focused on activities from the Number and

Operations content strand (Figure 10).
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Figure 10

Teacher P5A's response to questions 6 and 7, part II of the questionnaire
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Figure 10 presents teacher P5A's response to questions 5, 6, and 7.
Note that the responses concern numbers, operations, and problem
solving. The examples shown in the figures above demonstrate that the
teachers think arithmetically, confirming what the literature has
documented. Kieran (2004, 2016) has pointed out the difficulties involved
in transitioning from an arithmetic to an algebraic approach. She states
that for a successful transition from arithmetic to algebra, thinking must
not be limited to calculating a numerical answer; instead, it must focus on
relations, operations, and representation.

Given the importance of algebra at this stage of schooling, we argue
that its development calls for a reformulation of existing teaching practice,
adding opportunities to construct patterns, make generalizations, and
provide mathematical justifications to the work already being done with
arithmetic (Molina, 2009). This points to integrating algebraic thinking into
lesson planning and going beyond work with algorithms (Blanton & Kaput,
2008). In this process, generalization plays a significant role, as it is a
defining feature of algebra (Kieran et al., 2016).

In this context, within the Instructional Proposals category

(curricular and pedagogical content knowledge), we observed no clear
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pattern-based activities, nor any activities addressing, for example,
equivalence.

This shows that these teachers need adequate training, since they
are not being prepared to teach algebra and are left without support to
teach content they have not mastered. It is essential to provide these
teachers with adequate support and guidance. Although they seem to
know that algebra can be introduced in the early elementary grades, they
showed that they do not know how to do it. Furthermore, these teachers
may be limited to activities involving only numbers, or may rely on stock

phrases such as 'it is present in everyday life.'

Conclusion

The teaching of algebra in the early elementary grades in Brazil is a
very recent development, since algebra only became part of the
curriculum at this level in late 2018. We therefore recognize that there is
still much ground to cover. It is from this perspective that we present the
current study, whose objective was "to identify the knowledge and
conceptions about algebra, as well as the knowledge of how to teach it,
held by 19 teachers who work in the early elementary grades of a public
school in the interior of Bahia." The guiding question for this research
was: "what algebraic knowledge, conceptions, and instructional
practices do teachers in the early elementary grades draw upon?"

To answer the question and meet the stated objective, we used as
our research and data collection context the written responses provided
by the teachers in a questionnaire.

From the standpoint of teachers' conceptions, or content knowledge, the
teachers in our study showed gaps in their training (both initial and
continuing) with respect to the knowledge required to teach the Algebra

content strand in the early elementary grades. We see this content
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knowledge as fundamental at various points in teaching algebra to
students. For example, a teacher needs to make sense of the different
generalizations - verbal, gestural, or symbolic — that students may use in
patterning tasks. Teachers must have the knowledge to assess whether
these generalizations are correct, or whether they are suitable for
determining the number of elements for any given term in the
mathematical pattern. This is essential knowledge for teachers, because if
a generalization is incorrect, they need to know how to question the
student and steer them toward a more appropriate way of completing the
task. Teachers therefore need specific content knowledge—algebraic
concepts, in our case—that allows them to design activities that contribute
to the development of their students' algebraic thinking.

Finally, we believe that introducing algebra from the first year of
elementary school helps build a seamless and natural progression for the
development of students' algebraic thinking; this does not mean adding
another content area to the curriculum, but rather reformulating existing
teaching practice. Such a reformulation involves incorporating
opportunities to construct pattern sequences into existing arithmetic work.
This allows the process of generalization and mathematical justification to
begin, integrating algebraic thinking directly into lesson planning.

Turning to the Instructional Proposals category (curricular and
pedagogical content knowledge), we found nothing in the teachers'
responses related to the development of students' algebraic thinking. In
fact, the responses to questions 5, 6, and 7 (as illustrated in Figures 9 and
10) make no mention of algebraic activities involving the generalization of
patterns, equivalences, or functional relationships, all of which are
considered foundational concepts of algebra. This leads us to conclude
that existing continuing education programs have not been sufficient to

prepare teachers in this subject area; that is, there is a gap in preparing
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teachers to implement tasks that contribute to the development of
students' algebraic thinking.

The analysis of our results allows us to argue for the need to design
training programs (initial and continuing) that prompt teachers to reflect
on the meaning of algebraic thinking and, above all, on how to integrate it
into their classrooms—that is, how to foster this type of thinking at
various levels in their classroom practice. Our results indicate the need to
work with early elementary teachers on the development of their own
algebraic thinking.

As a closing reflection, we found that although the teachers in our
study recognize some elements inherent to algebraic thinking, there is still
a long way to go in terms of training. We advocate for new studies
investigating aspects of algebraic thinking in the early elementary grades,
focused both on students (whether through diagnostic work or teaching
interventions) and on teachers (through initial or continuing education).

Specifically with regard to teachers, we suggest studies addressing
the two dimensions proposed by Shulman (1986): knowing (the content)
and knowing how (in pedagogical terms), that is, establishing a link

between knowledge and the teaching of that knowledge.
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