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Abstract

Within the framework of the Conceptual Fields Theory, a subject's knowledge is
structured by two forms of knowledge: the operative form and the predicative form. In
this context, this article aims to investigate the interrelations between the operative
and predicative forms of knowledge associated with the linear function. To achieve this
objective, a research protocol was designed to elicit the manifestation of both forms of
knowledge among seven fourth-year students enrolled in a Mathematics Teacher
Education program. The results revealed records that predominantly reflect the
operative form of knowledge, as well as others that reflect the predicative form.
Additionally, records indicating the simultaneous manifestation of both forms were

identified, pointing to their interweaving and, at times, overlap. This suggests a
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codependent relationship between the two forms of knowledge, rendering them
inseparable.
Keywords: Conceptual fields, Operational knowledge, Predicative knowledge,

Higher education, Affine function.

Resumen

Desde la perspectiva de la Teoria de los Campos Conceptuales, el conocimiento de un
sujeto se estructura a partir de dos formas: la forma operatoria y la forma predicativa.
En este marco, el presente articulo se propuso investigar las imbricaciones entre ambas
formas de conocimiento asociadas a la funciéon afin. Para ello, se elabord un protocolo
de investigacion orientado a promover la manifestacion de ambas formas de
conocimiento en siete estudiantes de cuarto ano de un Profesorado en Matematica.
Como resultados, se identificaron registros que reflejan predominantemente la forma
operatoria del conocimiento, asi como otros que evidencian la forma predicativa.
Asimismo, se observaron registros que indican la manifestacién simultdanea de ambas
formas, lo que pone de relieve su entrelazamiento y, en ocasiones, su superposicion.
Esto sugiere una relacién de codependencia entre ambas formas de conocimiento,
volviéndolas indisociables.

Palabras clave: Campos conceptuales, Conocimiento operacional, Conocimiento

predicativo, Educacion superior, Funcién afin.

Résumé

Dans la perspective de la théorie des champs conceptuels, le savoir d'un sujet est
structuré par deux formes : la forme opératoire et la forme prédicative. Dans ce cadre,
cet article vise a étudier les imbrications entre ces deux formes de savoir associées a
la fonction affine. Pour atteindre cet objectif, un protocole de recherche a été élaboré
afin de favoriser la manifestation des deux formes de savoir aupres de sept étudiants
de quatrieme année d’'une formation de professeurs de mathématiques. Les résultats
mettent en évidence des productions qui refletent majoritairement la forme opératoire
du savoir, ainsi que d’autres qui relevent de la forme prédicative. Par ailleurs, des
productions indiquant la manifestation simultanée des deux formes ont été identifiées,
ce qui met en lumiére leur entrelacement et, parfois, leur superposition. Cela suggere
une relation de codépendance entre les deux formes de savoir, les rendant

indissociables.

2 Educ. Matem. Pesq., Sdo Paulo, v. 28, p. 01- 29, 2026, e70841



Mots-clés : Champs conceptuels, Connaissance opérationnelle, Connaissance

prédicative, Enseignement supérieur, Fonction affine.

Resumo

Na perspectiva da Teoria dos Campos Conceituais, o conhecimento de um sujeito é
estruturado por duas formas de conhecimento, a forma operatéria e a forma
predicativa. Nesse cenario, este artigo se prop0s a investigar as imbricacdes entre a
forma operatoria e a forma predicativa do conhecimento associadas a funcao afim. Para
alcancar esse objetivo, foi elaborado um protocolo de pesquisa que visou promover a
manifestacao de ambas as formas do conhecimento junto a sete estudantes do 4° ano
de um curso de Licenciatura em Matematica. Como resultados, foram identificados
registros que refletem predominantemente a forma operatdria do conhecimento, ja
outros, a forma predicativa. Também foram identificados registros que indicam a
manifestacdao simultanea das duas formas de conhecimento, o que aponta para o
entrelace e, por vezes, a sobreposicao das formas do conhecimento, constituindo uma
codependéncia entre elas, tornando-as indissociaveis.

Palavras-chave: Campos conceituais, Conhecimento operatério, Conhecimento

predicativo, Ensino superior, Funcao afim.
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Interrelations between Operative and Predicative Forms of Knowledge
Associated with the Affine Function Manifested by Pre-service Mathematics
Teachers

Introduction

“At the beginning, it is not the word, much less theory. At the beginning, it is
action - or rather, the adaptive activity of a being in its environment. It is through
action that thought begins” (Vergnaud, 1996a, p. 275, our translation from the original
French). In making this assertion, Gérard Vergnaud establishes a connection between
thought and action, in which thought is conceived as underlying action. However, action
alone is not sufficient for the construction of new ideas and knowledge; reflection upon
action is also required, leading the subject to a situation in which they are not only able
to reproduce a set of rules or procedures, but also capable of explaining and justifying
them (Abrantes, Serrazina & Oliveira, 1999; Serrazina, 2002; Vergnaud, 1996a).

Within this context, Vergnaud (2009a, 1996b) emphasizes the importance of tacit
knowledge, which manifests itself in subjects’ actions when faced with a given situation.
This knowledge is referred to as operational invariants and is of two types - theorems-
in-action and concepts-in-action - forming part of the invariant organization of activity
for a class of situations. This organization is termed a scheme (Vergnaud, 2009b,
2019). Closely related to these ideas are operative knowledge and predicative
knowledge.

In the Conceptual Fields Theory (CFT), these forms of knowledge are treated as
inseparable and complementary. At a first reading, the operative form may be
understood as “knowing how to do,” while the predicative form corresponds to “knowing
how to explain” (Pastré, Mayen & Vergnaud, 2019). However, when dissociated, these
forms prove insufficient for adequate conceptual construction and structuring
(Vergnaud, 2008a). In this sense, the concept of scheme functions as a link between
the operative and predicative forms of knowledge, representing the transition from an
epistemic register to a pragmatic register (Pastré, Mayen & Vergnaud, 2019).

Within the field of Mathematics Education, the Research Group on Didactics of
Mathematics (GEPeDiMa)3, to which the authors of this paper belong, has been
developing studies that bring these forms of knowledge closer to the concept of affine

function, with the aim of mapping the conceptual field of this function. The study

3 Study and Research Group in Mathematics Didactics (GEPeDiMa). Further information is available at:
https://prpgem.wixsite.com/gepedima.
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proposed here stems from a master’s research project* that analyzed manifestations of
operative and predicative forms related to the concept of affine function among Pre-
service Mathematics Teachers.

Throughout the development of the master’s research that gave rise to this
article, a review of other studies investigating operative and predicative forms of
knowledge in Mathematics Education (Brandao, 2012; Lorencini, 2019; Lima, 2021;
Peron da Silva, 2021) revealed a convergence in how these forms are interpreted.
These studies are based on Vergnaud’s formulation (1996b, 2003), which characterizes
operative and predicative knowledge, respectively, as “knowing how to do” and
“knowing how to explain.” However, it is observed that, in many cases, these forms are
treated in a rigid and compartmentalized manner, establishing a dichotomy in which
solving a problem situation is associated with the operative form, while explaining that
solution is linked to the predicative form. In contrast to this perspective, it is argued
that both derive from the same cognitive structure and maintain a relationship of
interdependence: there is always a predicative dimension within operative knowledge
and always an operative component within predicative knowledge (Pastré, Mayen &
Vergnaud, 2019).

This interdependence became evident during the analysis phase of the master’s
research that originated this article, raising questions about the scope of each form of
knowledge and the possibility of delimiting where one ends and the other begins. This
issue was initially explored in a pilot study published in Zanatta and Rezende (2024).
However, that study did not aim to investigate the interweaving of these forms of
knowledge, but rather to identify which types of knowledge were manifested by the
research participants. Therefore, the present article focuses on investigating the
interrelations between operative and predicative forms of knowledge associated with
the concept of affine function. The term interrelations are understood here as a type of
relationship in which elements are articulated and mutually overlap, such that new
meanings can be produced from this interaction. This conception is aligned with the
proposal put forward by Teles and Bellemain (2010) in their discussion of interrelations
between Conceptual Fields.

To achieve the proposed objective, a research protocol was designed to foster the

manifestation of both forms of knowledge among seven fourth-year Pre-service

4 This article derives from a master’s thesis developed within the Postgraduate Program in Mathematics
Education (PRPGEM) at the State University of Parana (Unespar), and defended in 2024 by the first
author under the supervision of the second author.
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Mathematics Teachers. Data production included students’ written solution records,

transcripts of dialogues among students, and interview transcripts.
Theoretical framework

The Conceptual Fields Theory (CFT) integrates aspects of situations, concepts,
and subjects. It proposes a theoretical framework for understanding conceptualization
processes, aiming to study the development of complex competencies, emphasizing
that conceptualization is constructed, results from internal processes of the subject,
and can be observed in individuals of different ages (Alcioly-Régnier & Monin, 2009;
Vergnaud, 1993).

The notion of competence addressed by CFT relates to the subject’s ability to
operate successfully within a given situation. Therefore, it is through the subject’s
action that their capacity to mobilize knowledge can be diagnosed (Gitirana et al.,
2014). However, the concept of competence, in isolation, is not sufficient, which leads
Vergnaud to draw on the concept of scheme. Introduced by Kant and later revisited by
Piaget, this concept is defined by Vergnhaud (1993, p. 2) as "“[..] the invariant
organization of behavior for a given class of situations.” In this sense, schemes are
closely linked to the subject’s action and possess a conceptual core that can be analyzed
(Alcioly-Régnier & Monin, 2009; Vergnaud, 2008a).

This close relationship between schemes and the subject’s action in a given
situation cannot be reduced to a problem-solving algorithm. One may argue that
algorithms are schemes; however, it is not sufficient to claim that schemes are
algorithms (Vergnaud, 1996a). Schemes include rules of action within their
composition, but they are broader, more fluid, and give rise to behaviors with varying
levels of effectiveness depending on the diversity of situations, potentially generating
different sequences of actions, information gathering, and control.

The situations referred to here can be divided into two classes: situations for
which the subject possesses the necessary competencies to solve them; and situations
for which the subject possesses only part of the required competencies, leading to
processes of continuity and rupture that transform their initial schemes (Alcioly-Régnier
& Monin, 2009; Vergnaud, 2011).

It is through schemes that operational invariants are identified, which are
considered central elements from a cognitive perspective, as they concentrate the
knowledge mobilized within schemes (Vergnaud, 1993, 2008a). Vergnaud (1993)

6 Educ. Matem. Pesq., Sdo Paulo, v. 28, p. 01- 29, 2026, e70841



establishes that these operational invariants can be viewed as models for explaining a
subject’s behavior and are subdivided into theorems-in-action and concepts-in-action.
The author emphasizes that a theorem-in-action should not be interpreted as a theorem
in the strict sense, just as a concept-in-action does not correspond to a formal concept.
In general, theorems and concepts are explicit and amenable to analysis, but they
represent only part of the conceptualization process, which also includes a typically
non-explicit dimension: operational invariants (Vergnaud, 1993).

The psychological and didactic approach to conceptualization supports the idea
that a concept may be understood as a set of invariants that can be mobilized in action
(Vergnaud, 1993, 2009b). From this perspective, conceptualization, when conceived as
a process of adaptation, encompasses knowledge that presents two interdependent
properties: it is operative, insofar as it enables the collection of information necessary
for the adaptation of action; and it is predicative, insofar as it allows for the
identification of properties of objects, as well as the relationships between these
properties and among the objects themselves (Pastré, Mayen & Vergnaud, 2019). Thus,
knowledge can be described in terms of these two forms, which cannot be separated -
the operative form of knowledge and the predicative form of knowledge (Pastré, Mayen
& Vergnaud, 2019). Taken in isolation, these forms are insufficient to achieve
conceptualization, since learning involves both (Vergnaud, 2008a). For this reason,
Vergnaud (2003) highlights the importance of proposing situations in which subjects
can demonstrate both their knowing how to do, represented by the operative form of
knowledge, and their capacity to know how to explain, reflected - though not limited
to - the predicative form of knowledge.

By adopting the concept of scheme as the invariant organization of behavior for
a given class of situations (Vergnaud, 1993), and by recognizing that it is within
schemes that the cognitive elements conferring an operative character to action are
identified, it is understood that schemes assume a dual role. First, they constitute a
link between the operative and predicative forms of knowledge, enabling the transition
from an epistemic register to a pragmatic one (Pastré, Mayen & Vergnaud, 2019).
Second, they reflect operative knowledge, whereas theory is associated with predicative
knowledge (Vergnaud, 1996a, 2004, 2008a).

However, this interpretation must be approached with caution. The operative
form of knowledge is not necessarily explicit; it is often implicit or even non-conscious
for the subject, due to its very nature, as it is not primarily oriented toward

communication or explicit articulation (Vergnaud, 2004). Nevertheless, this implicit
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character is not absolute, since various forms of knowledge can be made explicit and
analyzed with respect to the invariants, schemes, symbols, or properties that structure
them (Vergnaud, 1993, 2004).

With regard to the predicative form of knowledge, when conceived as “knowing
how to explain” or as theoretical knowledge, it is necessary to avoid reducing it to
manifestations expressed exclusively through verbal language, whether oral or written.
Systems of signification - including, but not limited to, spoken and written language -
make it possible to express properties of objects and actions, enabling the formulation
and communication of relationships that contribute to conceptualization, even though
they do not exhaust it (Vergnaud, 2002).

This perspective aligns with the notion that the predicative form of knowledge
plays a supportive role in relation to the operative form (Vergnaud, 2002). However,
as Vergnaud (2002, p. 14, translated into English from the Portuguese version)
emphasizes, “[...] the operative form of knowledge is always richer than the predicative
form,” insofar as only part of operative knowledge is visible, with the greater portion
remaining concealed. Consequently, communication - whether through speech or
writing — together with the symbolic systems used in science (such as tables, diagrams,
and algebra), is essential for conceptualization. The invariance of symbolic forms
underpins the invariance of concepts and enables the expression of objects and
properties that go beyond direct perception.

In line with this, Alcioly-Régnier (2014) argues that, although the predicative
form of knowledge may be presented at different levels of elaboration, it is generally
contextualized and linked to particular values of the variables within situations. Thus,
when seeking explanations for the reasons underlying the execution of an operation,
what is articulated tends to be partial, economical, and at times imprecise. In this
sense, it is not appropriate to establish a direct causal relationship between the
explicitness — or lack thereof - of procedures used to solve a situation and the mastery
of a concept. This makes the process of conceptualization a gradual construction that
develops across levels, rather than being confined to a scenario defined by the presence
or absence of a concept (Alcioly-Régnier, 2014).

In light of the above, considering that “the expressions ‘concept-in-action’ and
‘theorem-in-action’ designate the knowledge contained within schemes” (Vergnaud,
1993, p. 4), it follows that the analysis of operative and predicative forms of knowledge,
as well as their interrelations, necessarily involves the analysis of operational

invariants. This argument is supported by the view that “[...] it is the concept of
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operational invariant that makes it possible to articulate, within a unified and synthetic
perspective, the two forms of knowledge” (Vergnaud, 1996a, p. 290, our translation
from the original French). Furthermore, it is understood that the transition from the
operative to the predicative form of knowledge does not occur automatically, requiring
the mobilization of enunciative schemes for its explicit expression or symbolization.
This transition thus constitutes a challenging process for the subject (Vergnaud,
2008b).

Given these considerations, the centrality of operational invariants in the analysis
of subjects’ operative and predicative knowledge becomes evident. The following
section presents the methodological procedures, the problem situations designed, and

the processes of data production and organization adopted in this study.
Methods and data production

To investigate the interrelations between the operative and predicative forms of
knowledge associated with affine function, the study was based on Zanatta (2024). The
research was conducted within the context of Mathematical Modeling classes involving
fourth-year pre-service mathematics teachers at a university in the Central-West region
of Parana. Initially, students were invited to participate in the study, with the voluntary
nature of participation made explicit. They were informed about the general aspects of
the research, with certain information withheld only when it could interfere with the

development of the investigation, such as the study’s title and objectives.

The investigation included an observation phase carried out during regular class
sessions, which preceded the implementation of the problem situations and lasted for
two months. The selected course was chosen because it is part of the fourth year of
the program, aligning with the study’s interest in working with students who had
already completed coursework involving functions. Additionally, this choice was made
because the proposed problem situations were compatible with the context of a
Mathematical Modeling course. Prior to the main study presented here, a pilot study
was conducted with third-year students in order to refine the methodological aspects

of the research.
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The research protocol consisted of three problem situations® whose expected
solutions were associated with the presentation of one or more affine function. All three
situations allowed for multiple solution paths; that is, they admitted more than one
appropriate solution. Although it was expected that the solutions would involve affine
function, the problem statements were deliberately designed to avoid the use of terms
such as function, variable, regularity, progression, graph, and other related or
derivative terms commonly found in problem situations involving affine function. The

absence of sub-items or detailed instructions for solving the problems was also planned.

Thus, it was expected that the lack of explicit instructions would foster dialogue,
creating an environment in which students would be encouraged to interact with their
peers and, consequently, a context more conducive to the manifestation of the
predicative form of knowledge. Table 1 presents the problem situations that comprised

the research protocol®.

Table 1

Problem Situations Included in the Research Protocol

Statement of Problem Situation 1

The management of the Latte Dulce ice cream shop aims to improve financial control over its
sales. To this end, it organized an analysis of the production cost of 12 liters of ice cream.
For this production, the following costs are incurred: R$ 30.00 for milk; R$ 10.00 for sugar;
and R$ 25.00 for other inputs. In addition, there is a cost of R$ 0.50 per ice cream sold,
corresponding to the cone in which each unit is served. The shop also has fixed monthly costs
totaling R$ 12,110.00.

Regarding sales, each unit of ice cream is sold for R$ 8.00, and each contains, on average,
300 mL of ice cream.

Considering the potential for profit or loss of this business, represent it mathematically. Also,
present how it can be visually represented in a way that facilitates the management’s
understanding of the information.

Statement of Problem Situation 2

The electricity bill is composed of the sum of different costs and fees. At a given time, the
cost per kWh consumed was R$ 0.369, and the cost for using the utility’s infrastructure was
R$ 0.385 per kWh. In addition, there is a fixed monthly public lighting fee of R$ 28.91.

Mr. Milton plans to install a solar energy generation system in his residence and requested a
cost estimate for the installation. However, some information must be considered when
acquiring this system:

e Based on the analysis of the last 12 months of consumption, Mr. Milton’s average monthly
consumption is 350 kWh;

> The term “problem situation” is adopted to refer to mathematical situations that are contextualized and
can be classified in light of the Conceptual Fields Theory. This choice takes into account the potential
polysemy of the term “situation,” which arises from the adoption of different theoretical frameworks.

® The problem situations were presented to the students in Portuguese; however, they are translated
here to ensure textual standardization in the language and to enhance comprehension.
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e The electricity provider requires that consumers who have their own energy generation
system pay, in addition to the fixed public lighting fee, for at least 100 kWh per month,
regardless of the amount generated by the system;

e Any surplus energy generated by the system is retained as credits with the provider for up
to five years and may be used in months when consumption exceeds system generation.
These credits cannot be used under other circumstances.

Based on this information, the installation of a system with a generation capacity of 450 kWh
per month was recommended, at a total cost of R$ 14,500.00. Assuming that both
consumption and the rates charged by the electricity provider remain stable over time,
present a comparison between the cost of electricity without the installation of the solar
energy system and the cost over time with the system installed.

Statement of Problem Situation 3

The Barboza family produces artisanal cheeses and decided to evaluate this enterprise, which
has been in the family for several decades. For this evaluation, the following information was
organized:

For the monthly management of each animal, the following average costs are incurred:
vaccination, deworming, and medication: R$ 175.00; feed and supplementation: R$ 520.00;
other costs per animal: R$ 55.00. In addition to the costs per animal, the family incurs other
fixed monthly costs for the property: machinery maintenance: R$ 900.00; land lease: R$
3,000.00; labor: R$ 5,200.00; other costs: R$ 2,500.00.

Regarding production and sales: on average, each cow on the property produces 22 liters of
milk per day; approximately 11 liters of milk are required to produce 1 kg of cheese; and
each 720-gram unit of cheese is sold for R$ 36.00.

Considering the potential for profit or loss from cheese sales, represent it mathematically.
Also, present how it can be visually represented in a way that facilitates the family’s
understanding of the information.

Note. Adapted from Zanatta (2024).

Considering both the intention of fostering dialogue among students and the
educational level at which the research is situated - namely, higher education - the
three proposed problems include intermediate steps in their resolution. Here,
intermediate steps refer to calculations that contribute to the solution but do not
yield the coefficients a and b of the affine function in its algebraic form, with the term
main step reserved for calculations that result in the coefficients a and b (Fuzzo, 2022;
Vergnaud, 2009a).

A gradual increase in the number of intermediate steps was also considered and,
consequently, in the number of structures present in the proposed problem situations.
This increase in the number of structures was established in accordance with Tieppo et
al. (2023), who consider that a greater number of structures in a problem situation
may act as a factor that increases the difficulty of its resolution.

The research protocol was implemented on December 8, 2023. Seven students
participated, out of a total of eight enrolled in the aforementioned course. The students
were divided into three groups, consisting of two or three members each. The students
were informed that each group’s discussions would be recorded and that they would

receive one problem situation at a time. Upon completing a solution, they were required
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to submit it, after which a new problem situation would be provided. No specific time
limit was established for the completion of each task or for the activity as a whole. The
groups took between 1 hour and 10 minutes and 2 hours to solve the three problem
situations.

On December 14 and 15, 2023, the groups participated in semi-structured
interviews with the aim of eliciting aspects that may not have been evident in the
students’ written records or in the recorded discussions during the implementation
phase. The interview protocol included nine guiding questions, addressing students’
familiarity with problem statements similar to those proposed in the study, as well as
requests for explanations of the solution steps, their meanings, and the elements that
constituted each response.

In the interval between the implementation and the interviews, the researchers
conducted a preliminary analysis of the written protocols and recordings in order to
adjust the interview protocol to the solutions presented by each group. The interviews
thus aimed to provide an additional opportunity for participating students to express
their knowledge, particularly with regard to the predicative form of knowledge.

Based on this, the corpus of the present study is consisted of: solution protocols
produced by each group for the three situations; transcripts of the students’

discussions; and transcripts of the interviews conducted.
Analysis of students’ productions

Based on the objective established in this study - namely, to investigate the
interrelations between the operative and predicative forms of knowledge associated
with affine function - the groups’ solution protocols for each problem situation were
analyzed with the aim of identifying the theorems-in-action associated with each step
of the resolution process - here linked to the operative form of knowledge - as well as
identifying possible manifestations of the predicative form of knowledge. From this
identification, an analysis of their interrelations was carried out. In what follows,
excerpts from the analyses are presented, selected for exemplifying the analytical
procedure adopted based on the solution protocols, which are presented in full as

produced by the students.

For better organization of the text and in order to preserve participants’ identities,
pairs or trios were labeled as “Group,” followed by an identifying number, and each

student was referred to as “Student,” also followed by a number. Thus, Group 1
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consisted of Students 1 and 2; Group 2 consisted of Students 3 and 4; and Group 3
consisted of Students 5, 6, and 7. The theorems-in-action are indicated by the
abbreviations TAT (true theorems-in-action) and FAT (false theorems-in-action), each
followed by an identification number, according to the order of their first occurrence in

the analyses.

The first excerpt presented refers to the analysis of Problem Situation 1. Once
the groups had established the number of ice creams produced in a batch, they
proceeded to work with production costs; however, each group chose to handle the
data in a different manner. Specifically, Group 1, after determining the number of ice
creams produced in a batch, chose to identify the unit cost of each input. To do so,
they divided the values - provided in the problem statement - by the number of ice

creams produced, as shown in Figure 1:

Figure 1

Excerpt 1 from Group 1’s Solution to Problem Situation 1

O, 5+ 9,25 4 0,64 ¥9,%50 = O:\-’Q
Iy
A
|

\
\o 7
~7\\0 4o

39
7,

{Le}

Note. Research archive.

As shown in Figure 1, the strategy adopted by Students 1 and 2 is divided into
two distinct intermediate steps. In the first, the costs of the ingredients are successively
divided by the number of ice creams produced per batch. This proportional reasoning
approach mobilizes the property of the coefficient of proportionality (Vergnaud, 1996c¢),
applied to the determination of the rate a. In this way, a theorem-in-action is mobilized,
identified by the code TAT3, modeled on the understanding that f(x) represents a

proportional relationship between two quantities. This theorem-in-action can be stated

as follows: let f be a proportional relationship; then a = %, with x, a e R and x # 0.

Ferraz (2016) and Rodrigues (2021) identified and analyzed this theorem-in-
action when examining situations involving fifth- and sixth-grade elementary school
students. As illustrated in Figure 1, Students 1 and 2, based on the result obtained from
TAT3, proceed to sum the unit costs of each input, arriving at the unit cost for producing

a single unit of ice cream. This operation is expressed mathematically as: 0,75+ 0,25 +
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0,62+ 0,50 =2,12. This constitutes an additive structure, in which the whole is
determined by the sum of its parts, characterizing a true theorem-in-action, TAT4,
formulated as follows: if P is a part and T is the whole, then T = P, + P,+...+B,, with T
and P € R. Associated with one of the simplest additive structures, this theorem-in-
action is among the first models of additive situations developed by children. The idea
of combining parts to form a whole appears in early representations of addition, which
are typically linked to counting (Magina et al., 2008).

During the resolution of the step shown in Figure 1, Student 1 described the
operations to be performed as follows: “the 30 reais is divided by 40, actually, which is
how much he spends on milk per ice cream; then you take the 10 reais and divide by
40, which is how much he spends on sugar; then afterward we’ll add everything
together and include the 50 cents, which is how much he will spend per ice cream.” In
this transcript, the procedures related to true theorems-in-action 3 and 4 are presented
in such a way that Student 1 not only states and explains the steps to be performed
but also defines the meaning of the results of the operations carried out. This may
indicate a possible expression of this student’s predicative knowledge associated with
TAT3 and TATA4.

The second point addressed here, still referring to Problem Situation 1, concerns
the stage in which two groups present the functions established throughout their
solution processes. Groups 1 and 3 determined the unit cost of producing a single unit
of ice cream. From this, they established a relationship between the sale price and the
unit costs, obtaining the unit profit. Based on this, both groups proceeded to address
profit and monthly cost, as illustrated in the following excerpt from the dialogues among
the students in Group 3, presented in Table 2:

Table 2

Excerpt from the dialogues among students in Group 3

Student 5: Okay, so this will be the amount of profit. Then our function will be f(x) - the
profit function, right? It will be f(x) equal to the profit per ice cream times x, where x is the
number of ice creams, minus 12,110. That’s it. So this is the function that represents the
profit.

Student 7: Minus? Shouldn't it be plus?

Student 5: It's minus because it's a cost, right? Why is this positive? Because this is the
amount of profit we're making per ice cream. To find the final profit...

Student 7: This part is being paid.

Student 5: Exactly, that's why it’s negative.

Note. Research archive.
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A similar dialogue occurs among the students in Group 1, when Student 2 states
that revenue “[...] minus the cost gives the profit... that’s it, so it will be 5.88 times the
number of ice creams, minus 12,110; that is the profit function.” Thus, algebraically,
both groups (1 and 3) present the profit function as f(x) = 5,88x — 12110, as shown in
Figure 2. In addition, it is possible to observe that, in the excerpt presented in Figure
2, Students 1 and 2 introduced a second function related to the problem situation,
f(x) =2,12x+ 12110, which expresses total cost as a function of the number of ice

creams produced.

Figure 27

Excerpt 2 from Group 1's solution for Problem Situation 1
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Note. Research archive.

In this way, by mobilizing operative knowledge related to the transformation of
unit revenue (initial state) into unit profit (final state), as well as the proportional
relationship established between unit profit and the number of ice creams sold, both
groups begin to mobilize a third type of operative knowledge, directly linked to the
notion of affine function. This consists of establishing f(x) as a functional relationship,
in which a represents the rate and b the intercept. This operative knowledge can be
more formally described by TAT7, stated as follows: if a is the rate and b is the intercept,
then the functional relationship f is given by f(x) = ax + b, with a, b, x € R. This same
theorem-in-action was also observed in studies conducted by Rodrigues (2021) and
Siqueira (2023) with elementary and secondary school students.

Still regarding the two excerpts presented above, referring to Groups 1 and 3, it
is observed in both cases an enunciation corresponding to the scheme associated with
TAT?7. In these passages, Students 2 and 5 highlight the characteristics of the functional
relationship presented in the problem situation. In their statements, the students
express operations, knowledge, or schemes previously identified, which may be

interpreted as verbalizations of constructed schemes. However, considering that these

7 English translation of the handwritten text in Figure 2: “cost” (line 1) and “profit” (line 2).
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statements demonstrate an intention to explain or communicate the scheme associated
with TAT7 - which already encompasses the articulation of two other theorems-in-
action, TAT58 and TAT6° - It is possible to interpret both explanations as potential
mobilizations of the predicative form of knowledge associated with TAT7.

Although the communicative intent constitutes an important factor in considering
these excerpts as potential mobilizations of the predicative form of knowledge, this
intent alone is not sufficient to establish such a manifestation. Thus, considering that
“the operative and predicative forms are different, yet complementary” (Vergnaud,
2017, p. 32, translated into English from the Portuguese version), it is understood that
operative knowledge encompasses part of the predicative form (Pastré, Mayen &
Vergnaud, 2019). Moreover, the operative form of knowledge does not presuppose
communication, being largely implicit (Vergnaud, 2004, 1993). Regarding the groups’
solutions in Problem Situation 3, the representation of the potential for profit or loss
associated with cheese production and sales was carried out through graphs of the
functions obtained. Figure 3 presents the graph constructed by Group 1, in which two
lines are shown, corresponding to the functions described by the group as f(v) = 750v +
11600, referring to cost as a function of the number of cows, and f(I) = 2250v — 11600,
referring to profit — also interpreted as a function of the number of cows.

Figure 3

Excerpt 1 from Group 1's solution for Problem Situation 3
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Note. Research archive.

8 TATS: If F is the final state, I the initial state, and T the transformation, then F =1+T.
9 TAT6: Let f be a proportionality relation and a the rate, then f(x) = a * x, with x anda € R.
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The construction of a graph involves the mobilization of various forms of operative
knowledge required for its realization. Such knowledge becomes externalized in the
construction itself, evidencing the transition from an epistemic register to a pragmatic
register. It thus constitutes the manifestation of a scheme that, by definition,
encompasses operational invariants. In this sense, the production of a graph may be
understood as an expression of operative knowledge.

The predicative form of knowledge, in turn, presupposes communication, which
may occur either through natural language or in symbolic form. Vergnaud (2004, 2017)
explicitly refers to graphs as a possible means for the mobilization of the predicative
form of knowledge. In this way, the presentation of a graph, as a resource for
representing the function obtained and articulating the mathematical properties and
knowledge that underpin it, may be interpreted as a simultaneous manifestation of both
the operative and predicative forms of knowledge.

However, with regard to the graphical representation illustrated in Figure 3, we
present the following analyses and interpretations. By representing both functions as
straight lines, the group manifested a false theorem-in-action, since a function defined
over the domain of natural numbers was represented by a continuous line.
Furthermore, with respect to the domain, when asked about the values that v could
assume, Student 1 stated “positive integers,” while Student 2 added that “you can’t
have half a cow, right?” However, when graphically representing the functions, the
group indicated values for v € R, even though they had verbally established the domain
of the function!® as v € Z | v > 0, which characterizes a second false theorem-in-action.

Additional inconsistencies are observed in the notation of the functions: both are
denoted by the letter f, differing only as f(v) and f(l), although both describe values
as a function of the number of cows (v). Moreover, the axes were labeled as x and y,
even though these variables were not used by the group throughout the solution
process.

Having made these observations, it becomes necessary to consider, within this
analysis, whether a representation that contains theoretical inconsistencies can be
regarded as a manifestation of the predicative form of knowledge. According to

Vergnaud (2002, translated into English from the Portuguese version), the predicative

10 Although what is expressed can be assumed to be the set of natural numbers N, the literal
symbolization representing Student 1's verbalizations was chosen. This choice reflects the focus of the
analysis, which does not fall on the mathematical object itself, but on the schemes and forms of
knowledge mobilized by the student.
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form of knowledge may act as a support for the operative form; however, “[...] theory
is the predicative form of knowledge par excellence, just as the scheme is the operative
form of knowledge par excellence” (Vergnaud, 1996a, p. 290, our translation from the
original French). The author further highlights this issue by stating that “we are only
able to express in words a part of the knowledge we use in action, and we may even
reason by formulating things in a false or inconsistent manner.” (Vergnaud, 2000, p.
9, our translation from the original French). Thus, for the purposes of the analysis
presented in this section, it is assumed that Group 1, although it presented a
manifestation of the predicative form of knowledge — understood here as the graphical
construction - did so based, in part, on false theorems-in-action. This impasse is
possibly associated with the notion of levels of manifestation of the predicative form of
knowledge (Alcioly-Régnier, 2014; Vergnaud, 1996b). However, a deeper examination
of these levels is beyond the scope of the present study.

This overlap observed between the operative and predicative forms of knowledge
in the graphical representations raises the possibility that such overlap extends to other
forms of representation present in the students’ solution protocols. As described,
manifestations of the predicative form of knowledge do not necessarily occur only in
natural language. They may also develop through symbolic language, expressed in
formulas, calculations, graphs, tables, diagrams, and mathematical theorems (Alcioly-
Régnier & Monin, 2009; Vergnaud, 2004, 2017).

Furthermore, considering that operative knowledge is, in part, implicit, the
operations recorded in students’ protocols do not necessarily correspond exclusively to
operative knowledge. It may therefore be inferred that these records also carry a
second form of knowledge. Thus, identifying the records presented by students in their
protocols as expressions of the predicative form of knowledge depends, at first glance,
on the purpose for which they were produced. To illustrate this point, two excerpts are

presented in Figures 4 and 1.
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Figure 411

Excerpt 1 from Group 2's solution for Problem Situation 2
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Note. Research archive.

Figure 4 presents an excerpt from the solution produced by Group 2 for Problem
Situation 2. In this excerpt, the students performed multiplications and additions to
determine costs in two scenarios: before and after the installation of the energy
generation system. In this case, it is possible to interpret that, by presenting the values
together with their meanings, the group aimed not only to organize the operations but
also to convey to the reader the meaning of the calculations performed. This allows the
record to be characterized both as an externalized manifestation of operative
knowledge and as a potential mobilization of the predicative form of knowledge.

It should be noted that the problem situation did not require the presentation of
calculations, but rather a comparison of the amounts paid in that context, which may
be understood in terms of one or more affine functions. From this perspective, the
explicit inclusion of such detailed steps opens the possibility that the students’ protocols
themselves constitute expressions of the predicative form of knowledge, with the

exception of certain isolated operations, as illustrated in Figure 1 here presented again.

Figure 1.

Excerpt 1 from Group 1’s solution to Problem Situation 1
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Note. Research archive.

11 English translation of the handwritten text in Figure 4: Provided by delivery (0.369.350 + 0.385.350
+ 28.91); In 12 months you spend: R$ 3513.72; You will pay at least (0.369.100 + 0.385.100 + 28.91),
R$104.31 per month if you install the system.
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Figure 1 presents an operation from Group 1, associated with a main resolution
step, performed to obtain the rate of one of the functions indicated as a solution for
Problem Situation 1. When presented in this way, the operation suggests that the
record is present in the protocol only as an organization of the scheme used by the
students in the resolution, and not with the purpose of communicating it. Thus, without
proper contextualization, the operation does not have an explicit meaning for the
reader.

However, the issue to be analyzed is not limited to specific operations or excerpts
from the protocols, but considers the resolution presented in its entirety. The resolution

developed by Group 1 for Problem Situation 1 is then revisited, now seen as a unit.

Figure 512

Group 1's resolution for Problem Situation 1.
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By examining all the solution steps developed by the group, it is possible to
understand that the presented protocol prioritizes personal organization over
communication. An example of this can be seen in the excerpt from Figure 1. On the

other hand, there are passages that demonstrate an intention to explain the operations

12 English translation of the handwritten text in Figure 5: “12 liters; BRL 30 milk; BRL 10 sugar; BRL 25
others; BRL 0.50 fixed cost per ice cream; BRL 12,110.00 monthly fixed costs; BRL 8.00 for each 300
ml ice cream; 12 liters = 40 ice creams of 300 ml. Cost and profit.”.
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and their meanings. This interpretation may also be extended to the protocols
presented by the other groups, considering the three problem situations analyzed.

In this sense, by stating that the predicative form of knowledge may be
associated with the lexicon and syntax of language, as well as with any other system
of signs, Vergnaud (2000) opens the possibility of interpreting the solution protocols as
potential mobilizations of students’ predicative knowledge. These manifestations are
articulated with the operative knowledge mobilized in the form of theorems-in-action
throughout the solution process, even though some of the records present in the
protocols, when analyzed in isolation, do not represent manifestations of the predicative
form of knowledge. This finding reinforces the idea that, since both forms of knowledge
derive from the same cognitive structure, it becomes possible to identify a relationship
of articulation and mutual overlap, from which hew meanings may be generated.

Based on the analysis of the strategies adopted by the groups to solve the three
problem situations, and with the aim of identifying the operative knowledge manifested
by the students throughout the research protocol, 10 true theorems-in-action and 5
false theorems-in-action were identified. These theorems-in-action are presented in
Table 2. In addition to the theorems-in-action described in Table 2, the graphical
representations produced are also noteworthy; although they are not associated with
a single theorem-in-action, they form part of the set of operative knowledge mobilized

by the students.

Table 3

True and False Theorems-in-Action Identified

Modeling of the Theorems-in-Action

TAT1: Let f be a proportional relationship; then f(k *x) = k * f(x), cwith ke x € R, where k is

the ratio (a scalar).
TAT2: Let f be a proportional relationship; then x = ID " with xand a € R, where a # 0.

a !

TAT3: Let f be a proportional relationship; then a = 1) , with x, a € R, where x # 0.

X

TATA4: If P is a part and T is the whole, then T = P, + P,+...+P,, with T and P € R.

TATS5: If F is the final state, I the initial state, and T the transformation, then F =1+ T.

TATG6: Let f be a proportional relationship and a the rate; then f(x) = a *xx, with x and a € R.

TAT?Z: If a is the rate and b s the intercept, then the functional relationship f is given by
f(x) =ax+b, with a, b and x e R.

TATS8: Let f be a proportional relationship; then f(k*x) +c=k*f(x) +c, with k, c and x e R
where k is the ratio (a scalar).

TAT9: Let f be a proportional relationship; then f(k+x) + glk*x) +c=k=* f(x) + k* g(x) +c,
with k, x and c € R, where k is the ratio (a scalar).

TAT10: Two non-coincident lines intersect if and only if, f(x) = g(x), for some x € R.

FAT1: An arbitrary variable x is associated with a fixed value.

FAT2: In the same context, more than one function may be represented by the same letter.
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FAT3: Let f(x) =ax+ b, with a, b € R and x belonging to a discrete domain; its graphical
representation is given by a line.

FAT4: Let f(x) =ax+ b with a, b € R and x € N, its graphical representation is constructed as
is x € R.

FATS5: Let f be a proportional relationship; then f(x) =(a+k)*x+b, with k, b and x e R,
where k is a scalar.

Note. Prepared by the authors.

The identification of these theorems-in-action, whether true or false, proves
essential for analyzing the interrelations between the forms of knowledge. This claim is
justified by the notion that theorems-in-action constitute an essential part of schemes
(Vergnaud, 1996a, 2008a). These schemes, in turn, constitute a bridge between
operative and predicative knowledge (Pastré, Mayen & Vergnaud, 2019).

With regard to the predicative form of knowledge, ten instances of its mobilization
were identified in the students’ discourse: five in Problem Situation 1; one in Problem
Situation 2; and four in Problem Situation 3. These mobilizations were associated with
TAT1, TAT2, TAT3, TAT4, TATS5, TAT7, and TAT10, occurring most frequently in
connection with TATS5 and TAT7.

In the students’ discourse, no evidence of mobilization of the predicative form of
knowledge associated with false theorems-in-action was identified, either during the
implementation or in the interviews. When questioned about the records containing
such theorems, the students did not present arguments capable of supporting them,
nor did they establish connections with theoretical knowledge that would justify them.
This suggests a misalignment between the students’ operative and predicative
knowledge, since, although their operative knowledge contains theoretical flaws, the
students are capable of identifying these flaws and even correctly stating how the
operations should be performed. An example of this was observed in Group 1, which
graphically represented the solution assuming v € R, while simultaneously stating that
the domain of the function should be restricted tov e Z|v > 0.

Thus, indications of mobilization of predicative knowledge occurred in two
scenarios: (i) when students sought to explain results, operations, interpretations of
the problem situation, or specific steps of the solution; and (ii) when they externalized
their schemes. In addition to those observed in the students’ discourse, ten further
mobilizations emerged in the solution protocols: four related to explanations of steps
and their meanings, and six expressed through graphical elements. It is also worth
noting that the use of a graph as a tool to represent the function obtained - articulating

mathematical properties and other knowledge that support this representation — may
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be classified both as an expression of predicative knowledge and as a manifestation of

operative knowledge, since its construction mobilizes both forms of knowledge.
Conclusions

Through the development of this study, the aim was to investigate the
interrelations between the operative and predicative forms of knowledge associated
with affine function. To this end, the dialogic interactions established among the
research participants and the schemes (written productions) they presented while
solving the proposed problem situations were analyzed.

Based on the premise that schemes may be defined as the invariant organization
of a subject’s behavior in action when faced with a situation (Vergnaud, 1993), and
that they encompass operational invariants — here analyzed in the form of theorems-
in-action, understood as cognitive elements that support the execution of action - it
becomes possible to establish a relationship between operational invariants and
operative knowledge. In this sense, by analyzing the theorems-in-action, whether true
or false, mobilized by the students, the mobilizations related to their operative
knowledge are also identified.

Communicative intentionality, although a determining factor in identifying
mobilizations of the predicative form of knowledge, is not, by itself, sufficient to
establish the presence of predicative knowledge. Considering both forms of knowledge
as complementary and acknowledging that the operative form is not defined by oral
communication, the analysis of students’ discourse reveals that it may nevertheless be
verbalized. In some instances, statements were identified in which a student
communicated a result that was not interpreted as a mobilization of predicative
knowledge, but rather as a verbalization of their schemes. Even so, such statements
may contain, in certain respects, predicative components, insofar as they involve
theorization, properties, and arguments with some degree of grounding.

About the predicative form of knowledge, ten instances of its mobilization were
identified in the students’ discourse. However, this number may not fully reflect the
complexity of the participants’ predicative knowledge, considering that manifestations
of the predicative form may also occur through symbolic language (Alcioly-Régnier &

Monin, 2009; Vergnaud, 2004, 2017). Thus, given that operative knowledge is, in part,
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implicit, the operations recorded in the students’ protocols may not correspond
exclusively to operative knowledge; these protocols may also carry predicative aspects.

Accordingly, it is possible to argue that the presentation of the solution protocols
produced by the three groups, across the three problem situations, when guided by
communicative intentionality, may also be understood as a mobilization of the students’
predicative knowledge. This claim is supported by the fact that these written records
represent the visible portion of students’ operative knowledge (i.e., their schemes),
while simultaneously incorporating relevant scientific knowledge and theoretical
aspects, with theory constituting a mode of representation of the predicative form of
knowledge (Vergnaud, 2004, 2008a).

This reinforces the idea that the predicative form of knowledge is not limited to
the ability to explain, but is intertwined with—and at times overlaps—the operative
form of knowledge, since both forms derive from the same cognitive structure and thus
maintain a relationship of interdependence. However, this understanding should not be
generalized to the point of assuming that every symbolic record may be interpreted
simultaneously as both forms of knowledge. A careful analysis of schemes, the context
in which records are produced, and the condition of their presentation is therefore
required.

Regarding graphical representations, even when they present inconsistencies, the
possibility of interpreting them as manifestations of predicative knowledge is not
excluded, since this form may act as a support for operative knowledge (Vergnaud,
2002). This interpretation remains valid even considering that only part of the
knowledge mobilized in action is subject to verbalization, and that certain formulations
may appear incorrect or inconsistent (Vergnaud, 2000). Thus, when Vergnaud (2003)
characterizes the predicative form as “explaining” or “saying,” and the operative form
as “doing,” the following question arises: when the “doing” presents flaws, but the
subject is able to articulate what was done, does this constitute a manifestation of
predicative knowledge with respect to the content - albeit incorrect — being expressed?
This issue may be related to the notion of levels of manifestation of the predicative

form of knowledge (Alcioly-Régnier, 2014; Vergnaud, 1996b); however, a deeper
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exploration of this discussion lies beyond the scope of the present study and remains a
possibility for future research.

Regarding the students’ solution protocols, a gradual reduction in the level of
detail of the presented solutions was observed, regardless of the number of
intermediate steps required in each problem situation. This tendency may be attributed
to two main factors. Initially, the proposed situations were novel to the students;
however, throughout the implementation, the resolution of tasks, and the interaction
among group members, associations were established that facilitated more efficient
resolution of subsequent situations - an interpretation also supported by the students
themselves in the interviews.

Finally, the results of this study provide support for reflection on pedagogical
practices, encouraging approaches that foster a deeper understanding of mathematical
concepts, as well as of the processes involved in the construction of new schemes by
students and the resolution of classes of situations distinct from those typically
presented in mathematics textbooks. Moreover, by arguing for the inseparable overlap
between the operative and predicative forms of knowledge - understood here as their
interrelation - this article contributes to the theoretical discussion on this topic within
the framework of the Conceptual Fields Theory and points to directions for future

research.
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