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Resumo

Este artigo trata da problematica de modelagem matematica reversa, mais
precisamente, com foco no despistar da Task que consiste em construir situacdes de
referéncia inicial no sentido de prover ‘simulacdes’ situacionais a partir do uso do
modelo matematico de calculo do quociente eleitoral. Para isso, foram utilizados
recursos tedrico-metodoldgicos do ciclo investigativo de modelagem matematica e, de
maneira mais ampla, da teoria antropolégica do didatico e da nocdao de campo
destacada por Bourdieu. Os resultados encontrados, a partir de dados realisticos das
eleicbes municipais dos anos de 2020 e 2024, confirmaram a hipdtese de que a
alteragao do conjunto de condigdes institucionais criadas pelo campo politico sem levar
em conta a simulagao de situagdes com o uso do modelo matematico, criou condicdes
para geracao de dominios de realidades ‘andémalos’ e, como tais, passiveis de

guestionamentos pela sociedade, pois embora sejam respostas legais, contrastam com
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o principio da democracia pluripartidaria. Em ultima analise, esse modelo matematico
se mostra atraente para o ensino escolar por incluir vestigios das praticas sociais da
regra de trés, que sob as “lentes” da transposicao didatico-institucional, estimulam
pesquisas futuras por seu papel estratégico de articulacdo e de integracao para o
ensino de outros objetos da matematica escolar, inclusive, como possivel resposta a
problematica de desarticulacdao dos saberes matematicos de interesse da didatica da
matematica.

Palavras-chave: Modelo Matematico, Teoria antropoldgica do didatico, Campo

politico.

Abstract

This article examines reverse mathematical modeling, with particular emphasis on the
challenge of defining initial reference conditions to facilitate situational 'simulations’
using the mathematical model for calculating the electoral quotient. To this end, the
study draws on theoretical and methodological resources from the Investigative Cycle
Of Mathematical Modeling and, more broadly, from the anthropological theory of
didactics and Bourdieu's (1989) concept of field. Empirical data from the 2020 and
2024 municipal elections support the hypothesis that modifications to the institutional
conditions established within the political field, without prior simulation of conditions
through a mathematical model, resulted in 'anomalous' realities open to societal
scrutiny that, while legally sanctioned, conflict with the principles of multiparty
democracy. Ultimately, this mathematical model proves pedagogically relevant as it
incorporates traces of the social practices of the rule of three which, viewed under the
“lens” of didactic-institutional transposition, inspire future research. This stems from
its strategic potential to articulate and integrate in the teaching of other school
mathematics objects, including as a possible solution to the problem of the
disarticulation of mathematical knowledge within the didactics of mathematics.

Keywords: Mathematical model, Anthropological theory of didactics, Political
field.

Resumen

Este articulo aborda el problema de la modelizacion matematica inversa, mas
concretamente, centrandose en la tarea que consiste en construir situaciones iniciales
de referencia con el fin de proporcionar ‘simulaciones’ situacionales basadas en el uso

del modelo matematico para el calculo del cociente electoral. Para ello, utilizamos
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recursos tedricos y metodoldgicos del ciclo de investigacidon de la modelizacion
matematica y, mas ampliamente, de la teoria antropoldgica de la didactica y de la
nocién de campo puesta de relieve por Bourdieu (1989). Los resultados encontrados,
basados en datos realistas de las elecciones municipales de 2020 y 2024, confirmaron
la hipotesis de que la alteracidn del conjunto de condiciones institucionales creadas
por el campo politico, sin tener en cuenta la simulacién de situaciones con el uso de
la modelizacién matematica, cred condiciones para la generacion de ambitos
‘andmalos’ de la realidad y, como tales, susceptibles de cuestionamiento por parte de
la sociedad, porque aunque sean respuestas legales, contrastan con el principio de la
democracia multipartidaria. En ultima instancia, este modelo matematico es atractivo
para la enseflanza escolar porque incluye trazos de las practicas sociales de la regla
de tres que, bajo la ‘lente’ de la transposicidn didactico-institucional, estimulan futuras
investigaciones por su papel estratégico de articulacion e integracion para la
ensefianza de otros objetos de la matematica escolar, incluso como posible respuesta
al problema de la desarticulacién del conocimiento matematico de interés para la
didactica de las matematicas

Palabras clave: Modelo matematico, Teoria antropoldgica de lo didactico,

Campo politico.

Résumeé

Cet article traite du probleme de la modélisation mathématique inversée, plus
précisément en se concentrant sur la tache qui consiste a construire des situations de
référence initiales afin de fournir des ‘simulations’ situationnelles basées sur
I'utilisation du modéle mathématique pour le calcul du quotient électoral. Pour ce faire,
nous avons utilisé des ressources théoriques et méthodologiques issues du cycle
d'investigation de la modélisation mathématique et, plus largement, de la théorie
anthropologique du didactique et de la notion de champ mise en évidence par Bourdieu
(1989). Les résultats obtenus, basés sur des données réalistes des élections
municipales de 2020 et 2024, ont confirmé I'hypothése selon laquelle la modification
de I'ensemble des conditions institutionnelles créées par le champ politique, sans tenir
compte de la simulation des situations a I'aide de la modélisation mathématique, a
créé des conditions pour la génération de domaines ‘anormaux’ de la réalité et, en tant
que tels, sont susceptibles d'étre remis en question par la société, car, bien qu'il
s'agisse de réponses légales, elles contrastent avec le principe de la démocratie

multipartite. En définitive, ce modele mathématique est attractif pour I'enseignement
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scolaire parce qu'il comporte des traces des pratiques sociales de la regle de trois qui,
sous le ‘prisme’ de la transposition didactique-institutionnelle, stimulent des
recherches futures en raison de son role stratégique d'articulation et d'intégration pour
I'enseignement d'autres objets des mathématiques scolaires, y compris comme
réponse possible au probleme de la désarticulation des savoirs mathématiques qui
intéresse la didactique des mathématiques.

Mots-clés : Modele mathématique, Théorie anthropologique du didactique,

Champ politique.
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A mathematical model and several ‘anomalies’

Introduction

This article examines the concept of Reverse Mathematical Modeling (RMM),
specifically highlighting the often-overlooked significance of non-mathematical
knowledge inherent to a particular field of practice (Pierre Bourdieu, 1989; 2004;
2005), which imparts meaning and relevance to the application of mathematical
models defined a priori (Yves Chevallard, 1989) within that field. “"Disregarding” the
strategic importance of these forms of knowledge —through their articulation and
integration with mathematical knowledge in modeling—may lead to difficulties, if not
barriers, in the (re)construction of situations that are recognized solely by those who
(re)cognize the methodologies and thought processes unique to a particular field
(Bourdieu, 1989).

To contextualize the issue of RMM identified by Sodré et al. (2022), we adopt
the mathematical model of the Brazilian proportional electoral system* as an entity
defined a priori (Chevallard, 1989) by the political field (Bourdieu, 1989; 2005). We
hypothesize that utilizing this model without acknowledging one of the essential tasks
of the RMM process—specifically, the task of analyzing initial reference situations
with all known data, including data yet to be discovered—may vyield responses from
society that are potentially contentious, as it neglects the principle of multiparty
democracy in the context of the mathematical model of the proportional electoral
system.

To this end, this investigation is based on the theoretical and methodological
assumptions of the Investigative Cycle of Mathematical Modeling (Sodré & Guerra,
2018; Sodré, 2019), hereinafter referred to as CIMM, and, more broadly, on concepts
from the Anthropological Theory of Didactics (ATD) (Chevallard, 1999; 2005). This
theoretical field emphasizes intentional human activities from an anthropology of
mathematics, whose object, according to Chevallard (2005), is not mathematics as

knowledge, but rather what the author refers to as "social practices with mathematics

4 The Brazilian proportional electoral system is used for electing city councilors, state, federal and district
representatives.
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conducted within entities called institutions with mathematics" (Chevallard, 2005, p.
174, author’s emphasis; our translation).

From this viewpoint, Chevallard (2005) emphasizes the didactic anthropology of
mathematics in institutions with mathematics, where explicit goals to teach or learn
mathematical objects of knowledge are present. This understanding indicates that the
domain of mathematics didactics “significantly surpasses its initially designated scope,
which pertains to the teaching of mathematics in both general and vocational
education; extending into various applications of mathematics and permeating
numerous contexts where mathematical knowledge is pertinent and its application is
evident” > (Chevallard, 2005, p. 174, our translation).

Among the multitude of spaces in which the manipulation of mathematical
knowledge is evident, the political field (Bourdieu, 1989; 2004; 2005) emerges as a
significant institutional mechanism that mobilizes practices involving mathematics.
These dynamics appear to adhere to the core guiding "thread" highlighted by ATD of
"knowledge with mathematics, which entails the manipulation of living mathematics—
a continuously expanding body of knowledge”® (Chevallard, 2005, p. 174-175,
author’s emphasis, our translation).

Through the theoretical framework of TAD, which encompasses social
practices with mathematics (Chevallard, 2005), we embrace the concept of
mathematical models as institutional entities within mathematics, as emphasized by
the didactics of CIMM (Sodré & Guerra, 2018, p. 253), defined "as a methodology for
the development and analysis of mathematical models in specific contexts."

Moreover, CIMM must “be regarded as relative and provisional, subject to

scrutiny, modifications, and pertinent as long as it is conducive to the identification of

5 Fragmentos do texto: excede notablemente el terrufio originalmente concedido: el de las ensefianzas
escolares (generales y profesionales) de las matematicas; penetra o conjunto de los usos e las
matematicas; infiltra uma infinidad de los espacios en los que el saber matematico es pertinente y se
observa su manipulacion.

6 Excerpts from the text: saberes con matematica, saberes cuya manipulaciéon supone, en mayor o menor
grado, la manipulacion de matematicas vivientes, es decir, un nimero de saberes que aumenta
incesantemente.
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didactic phenomena and/or the formulation of didactic problems” 7 (Garcia et al., 2019,
p. 78, our translation).

The CIMM (Sodré & Guerra, 2018) was established as a praxeological
organization comprising six categories of tasks, not all of which are essential for
analyzing a specific circumstance in either a real or hypothetical context.
Consequently, the CIMM Tasks are organized as outlined below:

Task To: Establish a preliminary reference situation for the contextual issue.

An initial reference situation is defined as the primary abstraction regarding the
problem inside the relevant real environment. The technique of this Task consists in
analyzing problems within a similar contextual framework, using all available data,
including the data yet to be discovered, which facilitates the identification of potential
connections among them, albeit not necessarily mathematical.

Task Ti: Examine the mathematical models present within the school
concerning the problem in context.

This Task requires considering the mathematical complexity of mathematical
models for the given situation. This is a vital issue for the study, as a higher demand
for mathematical knowledge may lead to the rejection or inadequate adoption of a
mathematical model regarding the reality being studied.

The mathematical knowledge of a given study community® is consistently
constrained by the school via courses and programs. This may impose a limiting
requirement on the exploration of mathematical models found in educational
literature, including those accessible beyond the academic environment, such as online
resources.

Initially unforeseen situations can be revealed through the application of the
model, particularly from mathematical frameworks that dictate social situations, such

as financing models.
According to the concepts adopted by TAD, we posit that an individual's

mathematical knowledge correlates positively with their capacity to identify related

mathematical circumstances and praxeologies. This is the objective of the next Task.

7 Excerpts from the text: Ser entendidos siempre como relativos y provisionales, abiertos a
cuestionamiento y revisién, y pertinentes en la medida en que sean fértiles para la identificacion de
fenomenos didéacticos y la formulacion de problemas didacticos.

8 In the present article study community refers to the learners and teachers in the classroom.
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Task T2: Identify situations that can be linked to a mathematical model.
The technique involves analyzing the mathematical model in comparison to the
initially established reference situation. This includes deconstructing the mathematical

model to create situations and vice versa.

One must also remark that humans can be confronted with a situation of which
they perceive only certain aspects, and that the building of a model may compel
them to lend a discerning eye to the situation and identify features of which they
were previously unaware. Knowing more helps one see more® (Revuz, 1971, p.
50, our translation).

Task T3: Evaluate mathematical models

The evaluation is conducted based on the criteria of appropriateness and
multivalence of these models, both assessed in respect to the circumstances. The
approach is executed using the following interrelated subtasks:
Subtask St3i: Evaluate the appropriateness of the reconstructed situations in
relation to the problem

The appropriateness of the mathematical model is not strictly a mathematical
issue; however, it is a crucial issue for the study of reality that involves the type of
problem in context. If one uses an inadequate model, for convenience or simplicity,
without recognizing its inadequacy in relation to the situation, they should be mindful
of the risk of drawing incorrect conclusions about reality. (Revuz, 1971).
Subtask Sts>: Evaluate the multivalence of the mathematical model and
associated situations in relation to the type of problem

Mathematical models that encompass several situations and, consequently,
diverse issues regarding the reality examined are superior to those that focus solely
on a specific case.

Task Ta4: Develop a mathematical model

The technique for this task is derived from the preceding tasks, potentially
yielding: one of the mathematical models examined; modifications, including
customizations; or articulations and integrations among the models analyzed. The
experience of the study community with mathematical modeling (MM) is a factor that

influences model development, in addition to the often ambiguous levels of didactic

°Excerpts from the text: One must also remark that men can be confronted with a situation of which
they see only certain aspects, and that the building of a model may compel them to a discerning eye to
the situation and identify features of which, they were previously unaware. Knowing more helps you see
more.

8 Educ. Matem. Pesq., Sdo Paulo, v. 28, p. 01-26, 2026, e71374



co-determination, imposed by course curricula and available resources, such as
calculators and/or computers, which typically limit or facilitate mathematical activities
in the execution of superstructural and infrastructural tasks (Chevallard, 2019).
Task Ts: Disseminate and defend the mathematical model

The technique for this task consists of two phases:

I - Use the mathematical model developed to analyze the reference situations
selected, if possible, with different data sets, considering the pertinent data of the
problem under investigation as unknown. The consistency among the responses
obtained through the model and known outcomes validates the model for the reference
situation;

II - Use the mathematical model to address the problem in a real-world
framework, with the original data, aiming to evaluate the plausibility of the outcomes
derived from different possible situations. This enhances the legitimacy of the model
for the specific problem being examined.

The concurrent success in these two steps momentarily validates the
mathematical model as a solution to the problem under examination. The failure in
one instance underscores the need to reevaluate the reference situation, thus initiating
the cycle anew.

It is worth pointing out that the complexity of developing links between
mathematical and non-mathematical knowledge is apparent in the construction of
CIMM Tasks. The implementation of Task T2, which involves reverse mathematical
modeling, might pose challenges for teachers and learners who consider mathematical
modeling as restricted to the field of mathematical knowledge. Furthermore, the
concept of RMM involves the deconstruction and reconstruction of a mathematical
model with the construction and reconstruction of situations (Sodré et al., 2022), while
considering Tasks To, T1 e T2 of CIMM in an integrated manner.

This study focuses on the implementation of Task Te of the CIMM, given the
strategic and functional significance of To in the application of mathematical models,
especially the electoral quotient model of the Brazilian proportional system, while also

recognizing the role of the other tasks in maintaining to the coherence of RMM. We
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consider this model as a mechanism for producing situations that may elicit acceptable

or contentious responses from society, as will be discussed below.

The functional role of Task To and the construction of an initial situation

Although the completion of Task Te of the CIMM may not ensure total reliability
of the responses generated using this mathematical model, failure to comply,
influenced by the integration of all known data, including those yet to be established,
within the framework of microworlds (Rieber, 1996), may reveal undesirable
situational outcomes in relation to a socially shared reality, open to societal scrutiny.

Consequently, the technique of CIMM’s Task Te involves considering:

a) executing a review of the literature on a particular type of problem, focusing
on data pertinent to the issue as established entities, including those open to scrutiny;

b) simulating a potentially tangible situation, analogous to the problem context,
utilizing microworld resources (Rieber, 1996), if necessary, with a limited dataset that
enables the generation of potentially viable responses.

The interest in the notion of microworlds can manifest in different institutional
fields of applied sciences in general, including in school financial mathematics, such as
in didactic transpositions for the study of problems in real contexts, as highlighted by
Sodré (2019).

In that study, a group of teachers faced a specific situation involving the problem
of vehicle financing, described in the following terms: “Specific situation: (a) vehicle
value: R$ 52,900.00; (b) down payment: R$ 20,000.00; (c) financing term: 48
months; (d) announced monthly interest rate: 1.79%; and (e) installment amount:
R$ 1,113.10" (Sodré, 2019, p. 109). The guiding question consisted of answering the
following: Q - If the vehicle were to be paid off one year in advance, what amount
would be paid for the vehicle, according to the 48-installment plan?

The aforementioned question highlighted the challenges faced by teachers
during the education process, particularly in articulating the algebraic reconstruction
of the mathematical model for calculating the fixed installment in the financing
problem. This type of situation required teachers to examine a particular case,
understood as a "microworld" (Rieber, 1996), using six fixed installments, each worth
R$ 500.00, a 5% monthly interest rate, and the possibility of settling the debt in the
third month post-acquisition of the asset, as shown in Figure 1.

Figure 1

Record of the auxiliary didactic system S,(x,, xs, ¥+) (Sodré, 2019, p. 110)
10 Educ. Matem. Pesq., Sdo Paulo, v. 28, p. 01-26, 2026, e71374
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When evaluating the consistency of the results found in the situation analyzed,
in relation to the mathematical model for calculating the fixed installment, the teachers
also used this resource to reconstruct the mathematical model, considering the specific
real situation, according to the responses highlighted in Figure 2.

Figure 2
Record of the auxiliary didactic system S,(x,, xs, £.) (Sodré, 2019, p. 111)
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The excerpt presented by Sodré (2019), as part of the didactic transposition in
initial teacher education, underscores, even if partially, the essential role of
constructing a "microworld" situation, with "controlled" data, to enhance the reliability

of a mathematical model, as will be elucidated in the objective of the investigation.
Objective of the Investigation

The execution of Task To of the CIMM (Sodré & Guerra, 2018), which
predominantly considers the study of reference situations as microworlds (Rieber,
1996), should be regarded as a perpetually provisional tool, designed to facilitate the

interrogation of objects pertinent to the investigation, thereby enhancing the
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contextual understanding of the problem through constructed situations as
microworlds.

Thus, we aim to highlight the issue of RMM, particularly the potential
consequences arising from negligence in the execution of Task To of the CIMM, utilizing
the mathematical model for calculating the electoral quotient, shaped? by a set of
specific conditions in the political field (Bourdieu, 1989; 2004; 2005), as critical
factors in generating various situations with corresponding mathematical implications,
including unforeseen situations that may be scrutinized by society.

In order to accomplish that objective, we emphasize that the selection of this
mathematical model, employed by the Brazilian proportional election system, appears
to serve a strategic function in the formation of various social domains of reality
(Chevallard, 2005) and in directing significant political decisions of societal relevance

that stem from it.

The Mathematical Model According to Brazilian Legislation

The Brazilian Electoral Code instituted the proportional system via Chapter IV of
Law No. 4,737, dated July 15, 1965. It highlighted proportional representation, defined
as a "division operation" between two disparate quantities, using the concept of
reduction to unity (Gaia, 2016), emblematic of the social practice of the rule of three.
This procedure is interpreted as the mathematical model for calculating the electoral
quotient, hereafter referred to as Qg, expressed as follows: “Art. 106. The electoral
quotient is determined by dividing the total valid votes by the number of seats
available in each electoral district, ignoring the fraction if it is half or less, and rounding
up to one if it exceeds half (Law n© 4.737, 1965).

This rendering of Article 106 of the Brazilian Electoral Code, in "natural
language," through the lens of the reduction-to-unity method, conceptualized as a
mathematical model of the Qg, expresses specific normative guidelines of the political
field (Bourdieu, 1989; 2004; 2005) regarding modes of acting and thinking in

response to its outcomes or implications.

10 Shaped is used in the present work according to Bourdieu (1989), more specifically, in the context of
implicitly endorsing the methodologies and ideologies of an institutional domain.
12 Educ. Matem. Pesq., Sdo Paulo, v. 28, p. 01-26, 2026, e71374



Moreover, such articulation in natural language may give rise to other

representations, such as, for instance, of algebraic nature described as:

4

05—?

Where:

e V, — Represents the variable of the number of valid votes;

e C — Indicates the variable corresponding to the number of places or
chairs to be filled in each electoral district, adhering to non-negative
odd integers within the specified range 9 < C < 55, for the specific case
of municipal elections?!;

e Qr — Represents the numerical value of the electoral quotient,
according to Brazilian legislation, including the criteria established by
the political field (Bourdieu, 1989; 2004; 2005) for rounding
throughout the division process.

It is important to acknowledge that the mathematical model established by the
political field (Bourdieu, 1989; 2004; 2005) may not be readily accessible or
comprehensible to everyone, including those with substantial expertise in
mathematics. This occurs due to the presence of non-mathematical information, such
as implicit or practical knowledge, which is typically acknowledged solely by individual
connected to the political field.

Perhaps this explains why “the field is not the result of a conscious act of creation
and adheres to principles, or rather, regularities, which are neither stated nor defined.
Thus, what is at stake, mostly is the outcome among players”t2 (Bourdieu, 2005, p.
151, our translation) members of the field of practice.

Moreover, the possible algebraic formulation considered here for the calculation

model for the Qe may be of interest to the didactic anthropology of mathematics

1 The criteria for determining the number of state and federal representatives in each federative unit,
although guided by the mathematical model of the quotient calculation of the Brazilian proportional
electoral system, do not follow the same logic as the number of seats to be filled in Brazilian
municipalities.

12 Excerpts from the text: el campo no es el producto de un acto de creacion deliberado, y siegue reglas
0, mejor, regularidades que no son explicitas ni estan codificadas. De manera que tenemos lo que esta
en juego, que en su mayor parte es el producto de la competencia entre los jugadores.
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(Chevallard, 2005) for several reasons, as it encompasses objectives relevant to
teaching school mathematics and is applicable in both initial and continued teacher
education contexts. In this sense, our understanding reveals the use of the reduction-
to-unity method of the rule of three (Gaia, 2016), which "lives" and is shaped
according to specific conditions and constraints of each institution, while remaining
accessible to knowledge objects of interest to different institutional domains, including
the teaching of school mathematics.

Although this model's formulation may conform to the arithmetic principles of
the simple rule of three, recognized by educational practices, however not supported
by mathematicians, and prevalent in various academic and extracurricular activities
(Gaia, 2016, p. 32), it is imperative to regard it as an construct imbued with meaning
and significance, shaped by specific regulations set forth by the political field
(Bourdieu, 1989; 2004; 2005). These laws entail special regulations for numerical
rounding pertinent to the model's functionality, which may not align with the criteria
established in other institutional domains, such as educational mathematics.

In this trajectory, the “political field, understood both as a field of forces and
as a field of struggles aimed at transforming the relations of force that give the field
its structure at any given moment” (Bourdieu, 1989, p. 163-164), becomes

fundamental. From this perspective, the political field is presented as:

The space in which competing agents produce political products, issues,
programs, analyses, commentary, concepts, and events, from which ordinary
citizens, relegated to the role of 'consumers', must choose, with an greater
likelihood of misunderstanding the further they are from the production site
(Bourdieu, 1989, p. 164).

This view seems to affirm the role of knowledge that shapes the political field,
enabling its agents to formulate objects of collective interest in accordance with the
field's implicit regulations, while concurrently marginalizing ordinary citizens, reduced
to mere “consumers,” from engaging in pertinent decision-making, as they do not
occupy this field of production.

Thus, the mathematical model for calculating the Qe seems to be endowed with
‘symbolic systems which, as instruments of knowledge and communication, can
exercise a structuring power solely because they are structured” (Bourdieu, 1989, p.

9), for the political field, governed by conditions often beyond the comprehension of

14 Educ. Matem. Pesq., Sdo Paulo, v. 28, p. 01-26, 2026, e71374



ordinary citizens, as noted by Bourdieu (1989), or even those within the field who
maintain subpar relationships (Chevallard, 2005) with the knowledge of the field.
This does not constitute a necessary and sufficient condition for the acknowledgment
of structured relationships or those that may be elucidated through the mathematical
model, including, for instance, the concept of the non-mathematical variable defined
by valid votes (Vv) present in the model.

It is essential to recognize that the non-mathematical variable designated as
valid votes (Vv), specific to the political field, comprises all votes categorized as
party-list votes!3 and nominal votes!* within a given municipal constituency,
thereby excluding from its composition blank and null votes, both of which provided
for by Law n© 9.504, of September 30, 1997.

Following this construction, one condition of the mathematical model appears to
derive its foundations from the political field (Bourdieu, 1989; 2004; 2005),
specifically in Article 108, of Law No. 7,454, dated December 30, 1985, which states:

"As many candidates registered by a party or coalition will be elected as the
respective party quotient indicates, in the order of the nominal vote each has
received" (Law No. 7,454, 1985). Nonetheless, the stipulation set forth by Article
108 was amended by Law No. 13,165 of 2015, which articulates:

Article 108. Will be elected in the order of the nominal vote each has received,
as indicated by the respective party quotient, those candidates registered by a
party or coalition that have received votes equal to or greater than ten percent
(10%) of the electoral quotient. Single paragraph. The seats that remain
unoccupied because of the minimum nominal vote requirement specified in the
caput will be allocated in accordance with the provisions of the art. 109 (Law No.
13,165, 2015).

From the above excerpt, it can be inferred that a crucial requirement for
candidates seeking the position of councilor to achieve the minimum nominal vote, as
validated since the 2020 municipal elections, is that each candidate's individual
nominal vote must be at least 10% of the numerical value established by the
mathematical model for calculating the Qe.

It is important to highlight the amendments to Article 109 of the Electoral Code,
which effectively governs the allocation of unfilled seats through the implementation
of party quotients, subject to a minimum nominal vote, as established by Law No.

13,488 of 2017. Specifically, § 2 of Article 109, as well as the provisions of Laws No.

13 party-list votes are votes cast for political parties.
14 Nominal votes are those cast directly for individual candidates.
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7,454 of December 30, 1985, and No. 13,165 of 2015, which set forth the following
regulations, respectively:

§ 2 Only parties that have achieved the electoral quotient are eligible to contend
for seat allocation.

§ 2 Only parties and coalitions that have achieved the electoral quotient are
eligible to contend for seat allocation (Law No. 7,454, 1985).

§ 2 Only parties or coalitions that have achieved the electoral quotient may
contend for seat allocation (Law No. 13,165, 2015).

In face with these institutional conditions, the political field (Bourdieu, 1989)
imposes a barrier clause; that is, one of the conditions within the mathematical
model seems evident: political parties failing to attain the minimum numerical
threshold of the Qe are precluded from representation for the seats that remain
following the application of the party quotient. In this context, Figueiredo (2012)

emphasizes:

The Brazilian electoral system excludes from the remainder allocation those
parties that do not reach the electoral quotient. It entirely disregards the
representativeness of the votes cast for such parties, namely, in this case,
smaller parties. Legislation significantly favors major parties, which manage to
dominate the assignment of remainder seats, benefiting from the exclusion of
smaller parties in the division of the remaining seats. As a rule, larger parties
hold greater representation than they achieved thru votes; and smaller parties,
lesser representation (Figueiredo, 2012, p. 64).

In essence, the Qe mathematical model delineates the existence of these
domains of reality (Chevallard, 2005) which in it are expressed and reinforced. It is
our understanding that this model potentially facilitates exclusionary practices against
so-called "minor" political parties, due to the constraints imposed by the model
regarding the attainment of the requisite humber of the Qe. According to Figueiredo
(2012), this directly influences broader representativeness, including the participation

of additional political parties.

Figueiredo (2012) underscores that this assumption can directly undermine

party representativeness.

A classic example of distortion occurred in 1996, in the city of Juatuba (MG),
when 18 parties competed for 11 seats. Of those 18, only one obtained the
electoral quotient. Result: that party took all 11 seats in the election. The 17
parties affected by the exclusion clause had no influence on the electoral
outcome, their votes being disregarded, discarded as trash. This event was
referred to in another case that also serves as an example. In the second case,
in the 2006 election, a coalition from the state of Alagoas received 152,049 votes
(or almost 11% of the valid votes), not reaching the electoral quotient which, at
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the time, was equivalent to 154,307 votes (or 11.11%) (Figueiredo, 2012, p.

65).

The excerpt clearly reveals domains of reality (Chevallard, 2005), herein
referred to as ‘anomalous’ situations—that is, situations produced through the use of
the mathematical model of the electoral quotient (Qe), which, in our view, contrasts
with the principles of multiparty democracy and heterogeneity in a broader sense, as
‘multipartyism has constituted the most important expression of diversity of opinion,

guaranteed by a democratic rule-of-law regime (Dambros et al., 2017, p. 129).

In this respect:

The criterion for distribution of the remainders therefore undermines the
proportionate system, insofar as it constitutes an evident barrier clause. This
factor conflicts with the principle of party plurality, as it directly affects the very
existence of a political party which, having secured votes, thus holding
representation (albeit minimal), might otherwise attain a parliamentary seat
through the remainder allocation rule (Dambros et al., 2017, p. 129).

However, to mitigate the supposedly exclusionary effect on certain political
parties, the wording of Law No. 13,488 of 2017, currently in force, was revised with
respect to Article 109, § 2: '§ 2. All parties and coalitions that participated in the
election may compete in the allocation of seats’ (Law No. 13,488, 2017).

The amendments or institutional conditions introduced by the Electoral Code,
disregarding possible changes in the Qe mathematical model and, most importantly,
possible simulations of different situations associated with this model, may lead to

difficulties in minimizing, if not preventing, the emergence of "anomalous" situations.

“"Anomalous” situations that emerge from the use of the mathematical model

Despite signs of progress in multiparty representativeness, amendments to the
Brazilian Electoral Code have facilitated the introduction of numerous constraints,
specific to the institutional context, on the application of the Qe model, resulting in
significant “refractions,” understood here as “anomalous” situations during the 2020

and 2024 municipal elections. Not coincidentally:

Nationwide, 14 municipalities reportedly had their city councils dominated by a
single political party. Four years earlier, there had been only one such case, in
the interior of the state of Parana. This time, the phenomenon recurred in eight
states, predominantly in the Northeast region. In addition to single-party
representation, most of those cities share another characteristic: in 12 of them,
the party that came to control the city councils from 2021 onward is the same
as that of the elected mayor (Vasconcelos, 2020, para. 1).
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The scenario of Brazilian cities governed by a single political party within a city

council is also apparent in the 2024 municipal elections, as indicated by the following:

Eleven Brazilian cities — Coxixola (PB); Floresta do Piaui (PI); Ipaporanga (CE);
Jacobina do Piaui (PI); Mar Vermelho (AL); Perolandia (GO); Pildes (RN); Poco
Dantas (PB); Rafael Godeiro (RN); Sao Jodo do Jaguaribe (CE); Serra Grande
(PB) —in this year’s municipal election, have elected the mayor, vice-mayor and
councilors from the same party. [...] Political scientist and lecturer of Insper
(Instituto de Ensino e Pesquisa) Leandro Consentino explains that “Legally, there
is no impediment to this type of event, given that the will of voters is sovereign,"
[...] Consentino argues that the primary issue regarding the mayor and all
councilors belonging to the same party is the absence of a structured opposition
within the city. Consequently, the legitimacy of governmental actions is
significantly weakened. This, in turn, complicates the exercise of the right of
defense and may undermine the essential oversight function of the Legislative
over the Executive (Suzin, 2024, para. 1 and 2).

This perspective suggests that the previously identified outcomes appear to
corroborate the existence of ‘anomalous’ situations generated by the mathematical
model, whereby city councils are dominated by candidates from a single political party.
This phenomenon may be exacerbated by conditions established and enforced by the
political field (Bourdieu, 1989; 2004; 2005), through newly enacted legislation,
which has been progressively modified without consideration of its potential impact on
the mathematical model. Furthermore, there is a notable absence of “microworlds”
(Rieber, 1996), which could be developed through simulations of situations
constructed and reconstructed using the model, in order to mitigate, if not entirely
avert, the emergency of potentially ‘anomalous’ situations, even though not all such
situations can be anticipated.

While the outcomes do not constitute illegality in the application of the model,
the circumstances arising from the 2020 and 2024 municipal elections appear to raise
concerns among political scientists and legal scholars, due to potential deficiencies in
the oversight mechanism and, notably, the risk to multipartyism.

To elucidate a component of this issue, which encompasses the emergence of
"anomalous" situations associated to the application of the Qe mathematical model
central to RMM (Sodré et al., 2022), we present the following figure.

Figure 3
Constraints acting upon the model and ‘anomalous’ situations (elaborated by the
author, 2024)
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Figure 3 aims to illustrate specific alterations in Brazilian legislation concerning

the proportional electoral system, particularly following the municipal elections of

2020. These changes objectively demonstrated the influence of the institutional
"forces" within the political field (Bourdieu, 1989; 2004; 2005), particularly through

the role of a series of institutional conditions established and enforced by this field.

These conditions directly impacted the application of the Qe mathematical model, the

outcomes of which are manifested in the circumstances it produced in each city, as

discussed in the following section.

The set of institutional conditions created by the political field

The set of conditions (C;) que that may have affected the situational outputs

produced by the Qe model in the 2020 and 2024 municipal elections, can be identified

as follows:

e (C4: the end of coalitions beginning in the 2020 municipal elections, as

determined by Constitutional Amendment n° 97 of 2017;

o Cz:

the requirement that candidates must secure individual votes

amounting to at least 10% (ten percent) of the electoral quotient,

pursuant to Law No. 13,165, of September 29, 2015;

e (;: The formulation of criteria governing the participation of parties and

candidates in the allocation of seats by highest averages in proportional
elections. Under the framework redefined by Law No. 14,211/2021,

parties must obtain at least 80% of the electoral quotient, while

candidates must individually secure a minimum of 20% of that quotient.

This set of conditions, designated as €, C, and (5, interconnected and
substantiated by the political field (Bourdieu, 1989; 2004; 2005), resulted in the

creation of various situations governed by the Qe model, described by {St,;, St,, St3,
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..., St,,}, expressing the configuration of Brazilian city councils comprised of different

political parties after the 2020 and 2024 municipal elections.

The "anomalous" situations, symbolically denoted by {St;, Sts,ee., Stzisa},
represent actual cases generated by the mathematical model of city councils governed
by a single political party, highlighting the divergence of Task To from CIMM (Sodré &
Guerra, 2018), which considers simulations using the model under institutional
conditions of the political field (Bourdieu, 1989; 2005) that shape it.

Situational outcomes highlighted as “anomalous” may call into question the

efficacy of the principle of plurality in party representation, given that:

Brazil expressly embraces political pluralism as a foundational principle of the
Democratic State. A society is pluralistic when it permits the coexistence of
multiple centers of power. Greater diversity enhances representativeness; while
competing interests serve to regulate the authority of those who govern the
state. Freedom of expression, political participation, and social tolerance are
essential to democratic coexistence among political entities and institutions
(Fernandes & Cunha, 2019, p. 209).

This understanding directly affects the principles guaranteed by the Federal
Constitution of 1988, specifically Chapter V, Article 17—Political Parties—which, among
other aspects, upholds the multiparty system. It is therefore necessary to consider
that “the quality of the scenarios generated by the model depends on the accuracy of
the estimates of the variables used in the calculations. This must be added to the
quality of the scenarios, which also depends on the quality of the model itself”
(Skovsmose, 2007, p. 119).

From this perspective, the application of the model, under the conditions
designated as C,, C, e C3; appears to reveal certain aspects of the political field
(Bourdieu, 1989; 2004; 2005), characterized, albeit only partially, as a domain of
marked dominance by political parties with greater electoral strength. This, in turn,
affects the opportunities for access and continued participation of other parties in
significant decision-making processes relevant to pluralistic society.

It is no accident that the condition described by €3 was challenged by political
parties through Direct Actions of Unconstitutionality (Acbées Diretas de
Inconstitucionalidade - ADIs 7228, 7263, and 7325), which sought to modify the
criteria for the allocation of seats. The Supreme Federal Court (STF) admitted these
actions and subsequently held, by majority, that the condition was unconstitutional,

effective from the 2024 elections.
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The institutional constraints identified as C,, C, e C; operate to shape the Qe
model as an institutional instrument that both delimits and imposes modes of thinking

and acting specific to the political field (Bourdieu, 2005), understood as:

As a space of potential and operative forces, the field is also a place of struggles
aimed at preserving or transforming the configuration of those forces. Moreover,
the field, which is a framework of objective relationships among positions of
power, supports and directs the strategies through which the occupants of those
positions, individually or collectively, seek to safeguard or improve their
positions and impose principles of hierarchization most favorable to their
products!> (Bourdieu, 2005, p. 155, author’s emphasis; our translation).

Thus, the political field, as a field of forces, is governed by the institutional
positions of its agents, namely political actors and parties. The interests and intentions
of these agents can either lead to preservation or change, even if they create
"anomalous" situations. The interests and strategies of these agents may tend toward
either the preservation or the transformation of existing structures, even when they
generate ‘anomalous’ outcomes. The goal is to use symbolic systems, such as the Qe
mathematical model, to impose principles of hierarchization that are more
advantageous to those agents. In this context, the model “fulfils its political function
as an instrument of imposition or legitimation of domination, thereby ensuring the
domination of one class over another (symbolic violence)” (Bourdieu, 1989, p. 11).
Indicative of this dynamic is the dominance of specific political parties over others in

the political field.
Considerations and future directions for investigation

The present investigation underscores the significance of RMM, particularly in
relation to the potential repercussions of noncompliance with the To of the CIMM, which
involves the construction of an initial reference situation, conceptualized as a
“microworld” (Rieber, 1996). This construction becomes particularly pertinent in light
of the Qe mathematical model, instituted within the political field (Bourdieu, 1989;
2004; 2005), and shaped by a set of institutional conditions and constraints that

15 Excerpts from the text: Como espacio de fuerzas potenciales y activas, el campo es también un campo
de luchas tendientes a preservar o transformar la configuracion de dichas fuerzas. ademadas, el campo
como estructura de relaciones objetivas entre posiciones de fuerza subyace y guia a las estrategias
mediante las cuales los ocupantes de dichas posiciones buscan, individual o colectivamente, salvaguardar
0 mejorar su posicion e imponer los principios de jerarquizacion mas favorables para sus productos.
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function as determinants in the production of situations associated with it, including
those subject to social scrutiny.

To elucidate this issue, the Qe model was employed as legitimized and
implemented in the Brazilian proportional system, since it establishes eligibility criteria
for the seats of city councilors, state and federal legislators. In the specific context of
the municipal elections of 2020 and 2024, it was hypothesized that the non-observance
of Task To of the Investigative Cycle of Mathematical Modeling (CIMM) contributed to
the production of potentially problematic results, to the extent that, in our
understanding, these results do not meet the principle of multiparty democracy
(Fernandes & Cunha, 2019).

The empirical findings of these elections indicate that the set of institutional
conditions established by the political field, particularly those represented by C_1 and
C_2, associated with Constitutional Amendment No. 97 of 2017 and Law No. 13,165 of
2015, significantly impacted electoral outcomes. Among the observed effects, the
configurations identified as "anomalous" situations are especially noteworthy,
characterized by municipal chambers composed entirely of representatives from one
political party.

This configuration, generated within an institutionally regulated mathematical
model, undermines the very notion of a pluralistic society by jeopardizing the
coexistence of party variety (Dambros et al., 2017; Fernandes & Cunha, 2019). The
results should not be understood as mere technical outcomes of the model, but also as
manifestations of an institutional framework that constrains and restricts avenues for
political representation.

Changes in the conditions affecting the application of the mathematical model
appear to have overlooked the need to recreate scenarios through simulations, in the
sense of creating “microworlds” (Rieber, 1996), as specified by a Task Te of the CIMM
(Sodré & Guerra, 2018). Such oversite undermines the anticipation of the effects arising
from the use of the model, thus hindering the mitigation or prevention of anomalous

circumstances, since:

The use of a model, that is, the production of new knowledge regarding the
system, requires a certain degree of ‘adjustment’ or ‘adaptation’ to that system.
Such a process is seldom completed in a single step; rather, it involves an
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reciprocal interaction between the model and the system, characterized by
guestion-and-answer or trial-and-error dynamics'® (Serrano et al., 2010, p.
2193, our translation).

In this context, it is appropriate to consider one of the attributes highlighted by
Revuz (1971), specifically, the suitability of the Qe mathematical model, to the

situation it aims to represent, since:

The quality of this adequacy is not a purely mathematical concern; but a
significant issue across numerous scientific disciplines, often insufficiently
examined. Using a suboptimal model for convenience, notwithstanding its
limitations, requires caution, as it does not justify drawing definitive conclusions
about reality based on the analysis of the model!” (Revuz, 1971, p. 49, our
translation).

Ultimately, this study calls for further research on the teaching of RMM, and the
use of mathematical models, including Qe. In addition to enabling didactic-institutional
transpositions for teaching school mathematics, this model can highlight and mobilize
key concepts embedded in the social practice of the rule of three, understood as an
instrument for the mathematical modeling of a wide range of situations, both
mathematical and extramathematical, even though “it has traditionally been regarded
as a tool for the uneducated”!® (Chevallard, 2019, p. 86, our translation ).

According to Guerra and Silva (2009), the rule of three constitutes a significant
tool for modeling real-world situations, pertinent to various domains of scientific and
educational knowledge, by enabling the development of diverse insights within the
scope of school mathematics. Particularly notable, among these fields of knowledge,
are the concepts of polynomial functions of different degrees, logarithms, exponentials,
business and financial mathematics, as well as analytical geometry.

This perspective on the rule of three as a MM tool for teaching can be appealing

due to "the interest and value of its ability to generate knowledge about the subject

being modeled, which alternative approaches would not readily offer. The work

16 Excerpts from the text: of the model, that is, the fact that it produces new knowledge about the
system, requires a certain ‘fit’ or ‘adaptation’ to the system. This process is rarely finite. It requires a
forth and back movement between the model and the system, in a sort of question-answer or trial-error
dynamics.

17 Excerpts from the text: The quality of this adequacy is not a mathematical question, but it is a vital
question for many sciences, and it is not always sufficiently stressed and studied. If one uses a somewhat
inadequate model, because of its conveniency and in spite of its inadequacy, one must be aware of the
danger of drawing definitive conclusions about reality from the study of such a model.

18 Excerpts from the text: which, traditionally, is regarded as a technique for the lightly educated.

Educ. Matem. Pesq., Sdo Paulo, v. 28, p. 01-26, 2026, e71374 23



on/regarding the model may involve the construction of successive models better suited
to the study”!® (Barquero, 2023, p. 12, authors’ emphasis, our translation). This
enables, albeit partially, the establishment of conditions needed to address the didactic
issue identified by Bosch et al. (2006), namely the fragmentation of mathematical

knowledge in educational settings.
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