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Abstract

The study aims to analyze the pedagogical approaches used in the teaching of rational
numbers, with a focus on the 8th grade of elementary education, from the perspective
of Vergnaud's Theory of Conceptual Fields (TCF), proposing teaching strategies that
help overcome learning difficulties. To this end, a qualitative case study was conducted,
based on three methodological axes: bibliographic research, documentary research,
and field research. The data generated during the investigation were examined using
Discursive Textual Analysis (DTA). The results indicate weaknesses in contextualization
strategies and the underuse of operational invariants as categories, highlighting an
emphasis on mechanical algorithms and a disconnection between fractional and decimal

representations, which results in learning gaps. As an intervention, a teaching sequence
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is proposed that incorporates students' everyday situations—such as calculations
involving fish farming—linking them to the TCF. It is concluded that applying the theory
in the proposed teaching sequence, combined with local contexts, can strengthen the
construction of cognitive schemes, facilitating the generalization of concepts and
contributing to the overcoming of gaps in the understanding of rational numbers.
Keywords: Mathematics education, Conceptual fields, Rational numbers,

Fractional representations.

Resumen

El estudio tiene como objetivo analizar los enfoques pedagdgicos empleados en la
ensefianza de los numeros racionales, con énfasis en el 8° grado de la Educacion
Secundaria, desde la perspectiva de la Teoria de los Campos Conceptuales de Vergnaud
(TCCV), proponiendo estrategias didacticas que favorezcan la superacion de
dificultades de aprendizaje. Para ello, se realizd un estudio de caso con enfoque
cualitativo, fundamentado en tres ejes metodoldgicos: investigacion bibliografica,
investigacién documental e investigacion de campo. Los datos generados en la
investigacién fueron analizados mediante el Analisis Textual Discursivo (ATD). Los
resultados indican fragilidad en las estrategias de contextualizacién y un uso
insuficiente de invariantes operatorios como categorias, evidenciando un énfasis en
algoritmos mecanicos y una desconexién entre representaciones fraccionarias vy
decimales, lo que genera lagunas en el aprendizaje. Como intervencion, se propone
una secuencia didactica que incorpora situaciones cotidianas de los estudiantes, como
calculos relacionados con la piscicultura, articulandolas con la TCCV. Se concluye que
la aplicacion de la teoria en la secuencia didactica propuesta, aliada a contextos locales,
puede fortalecer la construccién de esquemas cognitivos, facilitando la generalizacion
de conceptos y contribuyendo a superar las dificultades en la comprensién de los
ndmeros racionales.

Palabras-clave: Ensefianza de las matematicas, Campos conceptuales,

Numeros racionales, Representaciones fraccionarias.

Résumeé

Cette étude vise a analyser les approches pédagogiques employées dans
I'enseignement des nombres rationnels, en mettant l'accent sur la 8e année de
I'Enseignement Fondamental, dans la perspective de la Théorie des Champs

Conceptuels de Vergnaud (TCCV), en proposant des stratégies didactiques qui
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favorisent le dépassement des difficultés d’apprentissage. A cette fin, une étude de cas
avec une approche qualitative a été réalisée, fondée sur trois axes méthodologiques :
recherche bibliographique, recherche documentaire et recherche de terrain. Les
données générées lors de I'enquéte ont été examinées au moyen de I’Analyse Textuelle
Discursive (ATD). Les résultats indiquent la fragilité des stratégies de contextualisation
et la sous-utilisation des invariants opératoires en tant que catégories, mettant en
évidence l'accent mis sur les algorithmes mécaniques et une déconnexion entre les
représentations fractionnaires et décimales, ce qui entraine des lacunes dans
I'apprentissage. Comme intervention, on propose une séquence didactique qui intéegre
des situations quotidiennes des éleves, telles que des calculs liés a la pisciculture, en
les articulant a la TCCV. On conclut que |'application de la théorie dans la séquence
didactique proposée, alliée a des contextes locaux, peut renforcer la construction de
schemes cognitifs, facilitant la généralisation des concepts et contribuant a surmonter
les lacunes dans la compréhension des nombres rationnels.

Mots-clés : Enseignement des mathématiques, Champs conceptuels, Nombres

rationnels, Représentations fractionnaires.

Resumo

O estudo tem como objetivo analisar as abordagens pedagdgicas empregadas no ensino
de numeros racionais, com énfase no 8° ano do Ensino Fundamental, sob a perspectiva
da Teoria dos Campos Conceituais de Vergnaud (TCCV), propondo estratégias didaticas
que favorecam a superacgao de dificuldades de aprendizagem. Para tanto, realizou-se
um estudo de caso com enfoque qualitativo, fundamentado em trés eixos
metodoldgicos: pesquisa bibliografica, pesquisa documental e pesquisa de campo. Os
dados gerados na investigacdo foram examinados por meio da Analise Textual
Discursiva (ATD). Os resultados indicam a fragilidade nas estratégias de
contextualizacdo e a subutilizagdo de invariantes operatérios como categorias,
evidenciando énfase em algoritmos mecanicos e uma desconexao entre representacdes
fraciondrias e decimais, o que resulta em lacunas na aprendizagem. Como intervencao,
propde-se uma sequéncia didatica que incorpora situacdes cotidianas dos alunos, como
calculos envolvendo piscicultura, articulando-as a TCCV. Conclui-se que a aplicacao da
teoria na sequéncia didatica proposta, aliada a contextos locais, pode fortalecer a
construcao de esquemas cognitivos, facilitando a generalizacao de conceitos e

contribuindo para a superacdo de lacunas na compreensao dos nimeros racionais.
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Palavras-chave: Ensino de matematica, Campos conceituais, Numeros

racionais, Representacdes fracionarias.
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The teaching of rational numbers in the 8th year of elementary education in
light of the conceptual field theory

Introduction

Teaching rational numbers in the 8th grade of Elementary Education poses a
significant pedagogical challenge, as it is a stage in which students face persistent
difficulties. According to Oliveira (2016), understanding the multiplicity of
representations, fractional, decimal, and percentage, and establishing connections
between symbolic representations and real-world contexts is what hinders the
construction of meanings that transcend the mechanical manipulation of algorithms.

The complexity inherent in concepts such as equivalence, numerical density, and
proportionality often results in learning gaps, exacerbated by pedagogical approaches
that prioritize the memorization of procedures at the expense of meaningful knowledge
construction. These limitations are reflected in students’ inability to transfer concepts
to practical situations, compromising their academic performance and their autonomy
in facing everyday problems.

Given this scenario, this study aims to investigate the following central problem:
how can pedagogical approaches employed in the teaching of rational numbers, in light
of Vergnaud’s Conceptual Field Theory, contribute to overcoming difficulties in learning
fractional representations in the 8th grade of Elementary Education?

The study’s general objective was to analyze the pedagogical approaches used in
teaching rational numbers, with an emphasis on 8th grade, from the perspective of
Vergnaud’s Conceptual Field Theory (CFT), proposing teaching strategies that help
overcome learning difficulties. To this end, the following specific objectives were also
outlined: to identify the predominant pedagogical practices in the teaching of fractions
and rational numbers in public schools in Acre; to investigate the main difficulties faced
by students in understanding and applying fractional representations; propose a
contextualized teaching sequence, integrating everyday situations of students in the
municipality of Rodrigues Alves, Brazil, such as fish farming and agriculture, to
articulate multiple representations of rational numbers; and evaluate the contribution
of Vergnaud’s Theory of Conceptual Fields in structuring robust cognitive schemas and
promoting meaningful learning.

Research on the teaching of rational numbers in Elementary Education is justified
by the centrality of this content in students’ mathematical education and practical lives.

Rational numbers, in their multiple representations, are fundamental to everyday
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operations such as calculating proportions, interpreting statistical data, financial
management, and understanding scales, in addition to serving as the foundation for
subsequent content, such as algebra and analytical geometry. However, as highlighted
by Oliveira (2016) and Cardoso and Mamede (2023), gaps in the learning of these
concepts persist, often associated with reductionist pedagogical practices that neglect
the connection between symbolic representations and contextualized situations. In the
Amazon region, specifically, structural challenges such as a lack of technological
resources, fragmented teacher training, and the disconnect between the curriculum and
local reality amplify these difficulties, as this study will demonstrate.

It is in this context that CFT emerges as a strategic theoretical framework to
reorient this reality, by proposing that learning occurs through the interaction between
problem situations, operational invariants such as equivalence and density, and
symbolic representations. This approach is particularly relevant for the teaching of
rational numbers, whose complexity requires overcoming fragmented views, such as
treating fractions and decimals as isolated topics.

Furthermore, the integration of local contexts such as tambaqui fish farming and
cassava cultivation, economic activities central to the Amazon, not only brings the
content closer to students’ lived experiences but also values community knowledge,
aligning with the guidelines of the Brazilian National Common Curriculum Base (Brasil,
2018) and the Single Reference Curriculum of Acre (CRUA) (Acre, 2018), which
advocate for critical and socially grounded teaching.

This study therefore seeks to fill a gap that is both theoretical and practical. By
linking Vergnaud’s theory to a teaching sequence grounded in real-world problems of
the Amazon region, specifically in a city located in the interior of Acre (Rodrigues Alves),
it proposes a replicable pedagogical model for public schools, capable of transforming
rational numbers into tools for interpreting the world. Furthermore, by addressing the
shortcomings of current teaching practices, such as the superficial use of playful
resources and the prioritization of algorithms, the case study contributes to the
continuing education of teachers, offering insights for intentional and reflective
mediation, which is essential in contexts of socioeconomic and cultural diversity, such
as that of the Acre Amazon.

The research is characterized as a descriptive-analytical case study and is
structured around three interconnected methodological axes, combining bibliographic
research, documentary research, and empirical investigation/proposed pedagogical

intervention.
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The first axis involved a bibliographic review, with an emphasis on scientific
literature regarding the teaching of rational numbers, covering learning difficulties,
pedagogical approaches, and applications of CFT. Concurrently, a documentary study
was conducted with a critical analysis of the BNCC and the Single Reference Curriculum
of Acre (CRUA), identifying guidelines for the 8th grade of Elementary Education,
particularly skills* related to solving problems with fractions (EFO8MA04) and
associating representations (EFO8MAO05). The third axis focused on a case study with
an 8th-grade teacher at a local public school. Through semi-structured interviews
conducted via Google Forms, we investigated pedagogical strategies, perceptions of
student difficulties, and the use of teaching resources. Additionally, we analyzed a
teaching sequence developed by the teachers, using Discursive Textual Analysis (DTA)
to categorize possible inconsistencies between pedagogical discourse and classroom
action.

In the third axis, we also focused on developing a teaching sequence as an
intervention proposal, grounded in the pillars of CFT. The sequence, consisting of
lessons, incorporated everyday situations from the Amazon, such as calculating feed
rations for tambaqui fish in ponds and the equitable division of agricultural production,
to explore fractions and decimals, as these are predominant activities in the economy
of Rodrigues Alves.

The interpretation of the data produced throughout the investigation was
conducted in light of the epistemological foundations of Discursive Textual Analysis
(DTA), a methodological approach developed by Moraes and Galiazzi (2016),
specifically designed for qualitative research that seeks to go beyond description,
achieving a deeper understanding of complex educational phenomena. Unlike analytical
procedures of a classificatory or merely verifying nature, DTA operates as a cycle of
interpretive reconstruction, in which the researcher not only organizes the data but
transforms it into a new way of understanding the investigated reality.

This process began with the disassembly of the texts, a stage called unitarization,
through which the records obtained from the semi-structured interviews and the
analysis of the teaching sequence were fragmented into units of meaning. Each unit
does not represent an arbitrary excerpt from the empirical material, but a fragment

endowed with its own meaning, capable of engaging with the research objectives. In

4 Translator’s note: In the BNCC document, these “skills” are represented by alphanumeric codes (e.g., EFOSMA04, EFO8MA0S5)
that indicate the grade level, content area, and specific learning objective.
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this phase, the analytical focus turned to the tensions between the teacher’s
pedagogical discourse and the methodological choices evident in their practice, seeking
to identify both what was explicitly stated and what remained implicit in the observed
teaching choices.

Based on this fragmentation, the second analytical phase began: the
establishment of relationships between the units of meaning, a process that culminated
in the construction of thematic categories. This categorization procedure did not start
from predefined classifications but emerged from attentive listening to the empirical
corpus, guided simultaneously by the theoretical framework of Vergnaud’s Theory of
Conceptual Fields. Categories were thus constituted, such as “superficial
contextualization”, which gathered evidence of teaching situations lacking conceptual
depth, and “underutilization of operational invariants”, which grouped indications of the
absence of intentional mediation aimed at constructing more robust cognitive schemas.
Categorization, therefore, was not limited to organizing the data but allowed for the
illumination of recurring patterns and structural contradictions that run through the
teaching practices investigated.

The third phase of the DTA involved capturing the emerging new: the interpretive
synthesis that transcends the sum of the analyzed parts. It is at this stage that the
analysis acquires its most genuinely qualitative character, as the researcher, immersed
in the corpus and guided by the theoretical framework, formulates understandings that
were not present in the data beforehand but emerge from the reflective and rigorous
exercise of re-reading. Within the scope of this research, it was precisely this step that
allowed for the integrated articulation of the identified pedagogical practices, the
reported learning difficulties, and the potential effectiveness of the proposed teaching
sequence, highlighting, for example, how the articulation between Amazonian contexts
and multiple representations of rational numbers can contribute to student engagement
and conceptual retention.

This set of analytical steps, deconstruction, categorization, and synthesis, does
not unfold in a linear fashion, but rather constitutes what Moraes and Galiazzi (2016)
call a self-organizing process: a dynamic in which the researcher, while interrogating
the data, is in turn interrogated by it, leading them to revisit categories, broaden
interpretations, and reformulate hypotheses as new meanings emerge. This
characteristic gives DTA a unique heuristic potential for research in mathematics
education, especially when seeking to understand phenomena involving the interface

between teaching practices, student perceptions, and curricular prescriptions. This
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approach, introduced by Silva and Marcelino (2022), allowed for the correlation of
teaching practices, student difficulties, and the effectiveness of the intervention,
shedding light on how the articulation between local contexts and multiple
representations can enhance both engagement and the construction of more enduring

mathematical meanings.

The teaching of rational numbers: challenges, pedagogical approaches, and
the theory of conceptual fields

The teaching of rational numbers, particularly work with fractions, is marked by
significant challenges that impact student learning. The complexity of this content,
which involves multiple representations and concepts such as equivalence, numerical
density, and proportionality, often results in persistent difficulties. These obstacles are
related not only to the abstract nature of rational nhumbers but also to the lack of
effective pedagogical strategies that promote contextualized and meaningful
understanding.

This section analyzes the structural challenges inherent in the teaching and
learning of rational numbers, with an emphasis on the potential cognitive gaps that
may be evident in students’ understanding of fractions, their multiple representations
(decimal, percentage, geometric), and basic operations. Starting from a critique of
traditional pedagogical approaches, often marked by excessive abstraction,
decontextualization, and an emphasis on mechanical procedures, the aim is to identify
the epistemological and didactic limitations that perpetuate conceptual difficulties, such
as the confusion between part-whole interpretations, quotient, and multiplicative
operator, as also pointed out by Oliveira and Santos (2025) when discussing the
articulation between different meanings of fractions in the development of proportional
reasoning. Finally, CFT is presented as an essential theoretical framework for
understanding and guiding more effective pedagogical practices in the teaching of this

content.

The teaching of rational numbers and their different representations

Although related, fractional and rational numbers present important
epistemological differences. Fractional numbers are explicitly expressed in the form a/b
(where a and b are integers, and b # 0), highlighting the relationship between the
numerator and denominator (Bertoni, 2009). Rational numbers, on the other hand,

admit multiple decimal, percentage, or geometric representations, not always revealing
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their relational structure. Historically, education in Brazil initially favored the part-whole
approach, while contemporary perspectives emphasize the diversity of representations.
Thus, while every fractional humber is rational, the reverse is not true in terms of
notation, since the same rational number can take on different symbolic forms without
losing its meaning (Gomes, 2006).

Rational numbers constitute one of the fundamental sets in the mathematical
universe, defined as all numbers that can be represented by the ratio of two integers,
with a denominator other than zero. As Iezzi and Murakami (2013, p. 44) point out:
“The set of rational numbers, denoted by Q, is the set of ordered pairs (or fractions)
a/b, where a belongs to the set of integers Z and b belongs to the set of non-zero
integers Z*.”

The importance of this set in the development of mathematical thinking is widely
recognized, as it establishes an essential bridge between integers and real numbers,
allowing for greater precision in measurements and calculations. Understanding it is
fundamental for consolidating logical reasoning and for practical applications in areas
such as fractions, percentages, and proportions (Iezzi & Murakami, 2013).

Thus, we see that rational numbers transcend their role as a mathematical tool,
acting as central elements for the development of critical thinking and problem-solving.
Therefore, the teaching of rational numbers can prepare students not only for academic
challenges but also for practical application in different contexts of their daily lives.
However, the effectiveness of this educational process is directly linked to the
pedagogical strategies adopted.

The pedagogical practices employed in the teaching of rational numbers play an
essential role in the development of students” mathematical thinking. Strategies based
on the memorization of rules and algorithms, without considering the conceptual
meanings related to the notion of numerical density, hinder a deep understanding of
rational numbers. This is reflected in the absence of practical activities that explore this
characteristic, making it difficult to internalize the concept.

Traditional methodologies, which prioritize the mechanical application of rules and
algorithms, significantly limit students’ ability to transfer the knowledge they have
learned to everyday situations. This approach, which is often decontextualized, hinders
the construction of meaningful learning, since it does not establish clear connections
between mathematical content and students’ reality. The absence of pedagogical

strategies that integrate theory and practice reinforces students’ perception that
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rational numbers are abstract concepts, distant from their lived experiences (Cruz &
Vasconcelos, 2022).

Contributing to this scenario, inadequate teacher training also plays a central role
in the challenges of teaching rational numbers. Alves and Lima (2012) point out that
many teachers face difficulties in addressing the different meanings and
representations of these numbers, which directly impacts the quality of pedagogical
practices. The lack of solid training focused on the conceptual and didactic
understanding of rational numbers compromises teachers’ ability to implement
innovative methodologies. In this context, continuing education programs that
emphasize the development of diverse strategies, the integration of teaching resources,
and the use of educational technologies are essential to mitigate these difficulties and
improve the quality of teaching.

Another factor that hinders learning is the absence of diagnostic assessments that
allow for the early identification of students’ difficulties. Without such assessments,
teachers face challenges in adjusting their pedagogical strategies to meet the specific
needs of each student. The implementation of formative assessments can provide a
clearer picture of learning gaps (Heusy & Gaulke, 2022).

These difficulties can also be exacerbated by a lack of adequate teaching
materials and educational technologies. Sabel and Silva (2023) note that simulators
and digital games, for example, have the potential to make learning more interactive
and engaging, but their use remains limited in many schools. From a local context
perspective, this observation is highly relevant, given that technological resources still
represent a significant barrier to educational progress in the region.

Finally, Elias et al. (2019) highlight that the resistance of students, and even
some teachers, to adopting new methodological approaches constitutes one of the
obstacles to the effective transformation of rational number instruction. The shift from
traditional practices to more innovative strategies requires a joint effort involving
training, planning, and institutional support. From this perspective, the Theory of
Conceptual Fields, developed by Gérard Vergnaud, emerges as a theoretical framework
capable of supporting the implementation of innovative and efficient practices in the

teaching of this subject.
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Application of the theory of conceptual fields in the teaching of rational
numbers

The CFT, formulated by Gérard Vergnaud, stands as one of the most relevant
theoretical frameworks for understanding cognitive development and mathematical
learning. Situated in the field of cognitive psychology and mathematics education, this
theory seeks to explain the construction and mobilization of concepts within specific
situations, emphasizing the relationship between knowledge, action, and context
(Vergnaud, 1983).

A disciple of Jean Piaget, Verghaud expanded the scope of his mentor’s general
logical operations and formal cognitive structures, emphasizing the role of the individual
in a given situation and the importance of specific knowledge content in the learning
process (Moreira, 2002). Thus, Vergnaud (1990) argues that learning does not occur
in a linear and sequential manner, but rather through interaction with different
situations and conceptual challenges. Knowledge is not merely accumulated, but
constructed and reconstructed over time as new cognitive demands arise. Thus, to
understand the learning of a concept, it is essential to analyze the set of situations and
representations that enable its emergence and consolidation.

In the context of CFT, Vergnaud (1983) defines a conceptual field as an informal
and heterogeneous set of problems, situations, concepts, relationships, structures,
content, and thought operations, interconnected and progressively acquired throughout
the learning process. This field does not develop in a uniform or linear manner, but
through the subject’s exposure to different situations that require the mobilization of
concepts and problem-solving strategies.

According to Vergnaud (1990), conceptual fields are organized in such a way that
a single concept may be present in different contexts, but its meaning and applicability
vary depending on the nature of the situation. For this reason, a concept cannot be
taught in isolation, but rather within a set of situations that allow for its gradual mastery
(Vergnaud, 1994).

Among the main conceptual fields investigated by Gérard Vergnaud (1990), the
additive structures stand out, involving the concepts of addition and subtraction; the

multiplicative structures, encompassing multiplication, division, fractions, and
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proportions; the number-space relations, which articulate numerical quantities and
spatial concepts; and algebra and class logic, fundamental for the generalization of
patterns and formal thinking. Each of these conceptual fields poses distinct challenges
to the learner, requiring the progressive construction of appropriate cognitive schemes
to deal with each domain of knowledge (Vergnaud, 1988).

The multiplicative field stands out for its complexity and breadth, involving not
only the basic operations of multiplication and division but also concepts such as
proportionality, ratio, fractions, scales, and percentage. This perspective is reinforced
by Oliveira and Santos (2025) when they relate different interpretations of rational
numbers to the development of proportional reasoning. According to Vergnaud, this
field requires learners to be able to handle double comparison relationships (involving
quantities that are directly or inversely proportional) and situations that go beyond
additive logic, such as combination problems, multiplicative comparison, rectangular
configuration, and partitive division versus quotative division (Vergnaud, 1994).

One of the main challenges in the multiplicative domain is understanding the
relational nature of operations, in which multiplication and division are not viewed
merely as mechanical procedures, but as tools for solving contextualized problems. For
example, partitive division (“dividing into equal parts”) and quotative division (“how
many times it fits”) require different mental schemas, even if humerically equivalent.
Furthermore, proportionality requires the articulation between ratios and rates,
demanding a scalar and functional way of thinking that is often not intuitive for students
(Vergnaud, 1994).

The Theory of Conceptual Fields rests on three fundamental pillars. The first refers
to situations, which give meaning to concepts by putting them into action. The second
pillar comprises the operational invariants, which encompass concepts-in-action and
theorems-in-action. The third pillar consists of symbolic representations, which enable
the communication and manipulation of concepts (Vergnaud, 1990).

Regarding the role of situations, Vergnaud (1993) argues that no concept
develops in isolation, as its learning is intrinsically linked to problem situations that
require its application. In mathematics education, for example, a concept such as

addition can emerge from different situations, such as the action of combining two sets
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(when asking how many candies Joao has after receiving a few more) or a change in
state (when asking how much Ana has left after spending part of her money). Thus,
the same concept can have different meanings depending on the nature of the problem
to be solved (Vergnaud, 2008).

In addition to the relationship with situations, mathematical learning depends on
the development of operational invariants. Vergnaud (1996) argues that operational
invariants are the structuring elements of cognition, allowing the subject to understand
and solve problems without the need for formal explicitation. These invariants are
divided into concepts-in-action, which correspond to the tacit knowledge that guides
the subject’s action (Vergnaud, 1983), and theorems-in-action, which are cognitive
propositions used implicitly by the subject to solve problems (Vergnaud, 1990).

In the context of subtraction, for example, a child may initially use a theorem-in-
action such as “the larger number always comes before the smaller” to calculate 9 - 4,
without realizing that this rule is not universally valid. This error reveals an intermediate
stage in the conceptualization process, demonstrating that mathematical knowledge is
being structured but still needs to be refined (Vergnaud, 1994).

Another essential aspect of learning within the Theory of Conceptual Fields is the
ability to transition between different forms of representation. According to Vergnaud
(1990), in addition to situations and operational invariants, learning a concept requires
that it be externalized through symbolic representations, which include natural
language, such as verbal and written descriptions; mathematical expressions, such as
numbers, equations, and formulas; and graphical representations, such as diagrams,
tables, and graphs. Mastery of a concept, therefore, depends not only on the
internalization of its rules and properties, but also on the subject’s ability to operate
with different forms of representing it and applying it in diverse contexts, as also argued
by Ferreira and Almeida (2021) when emphasizing the articulation between different
registers of fraction representation.

CFT, based on Vergnaud (1996), incorporates the concept of a schema, inherited
and expanded from Piagetian theory. A schema is a dynamic organization of knowledge,
involving goals, rules of action, operational invariants, and inferences (Vergnhaud,

1988). In mathematics education, for example, a student may evolve from the
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“counting on fingers” schema to the memorization of basic facts (Vergnaud, 1983).
Thus, learning is not limited to the acquisition of formal concepts, but to the
construction and reorganization of schemas that facilitate problem-solving.

For Vergnaud (1990), the Theory of Conceptual Fields serves as an essential
framework for understanding mathematical learning, providing theoretical tools to
investigate how individuals construct and organize their knowledge. By emphasizing
the interaction between situations, operational invariants, and symbolic
representations, the theory allows us to understand students’ difficulties and formulate
more meaningful and well-founded teaching strategies.

With regard to rational numbers, such schemas involve not only the fundamental
operations of addition, subtraction, multiplication, and division, but also the ability to
transition between their multiple representations, such as fractions, decimals,
percentages, and ratios, establishing meaningful connections between different
symbolic representations.

Furthermore, the Theory of Conceptual Fields continues to offer contributions to
instructional planning. Vergnaud (1990) proposes that contextualized problem
situations be used to encourage students to construct robust mental schemas,
connecting mathematical concepts to concrete experiences. As a result, learning
becomes more meaningful and transferable to diverse situations.

The Theory of Conceptual Fields emphasizes the contextual nature of
mathematical learning, arguing that concepts become truly meaningful when students
are challenged to apply them in concrete and contextualized situations. In this sense,
Souza (2014) highlights that the teaching of rational numbers must transcend the mere
presentation of algorithms and rules, incorporating activities that explore real-world
contexts, such as equitable distributions, measurements, proportions, and scales.
These experiences facilitate the internalization of concepts, allowing students to
develop a deeper and more articulated understanding of rational numbers. This
perspective supports the idea that mathematical learning does not occur in isolation,
but rather through the interaction between previously acquired schemas and the new

experiences offered by the learning environment (Vergnaud, 1996).
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One of the central aspects of Conceptual Field Theory is the concept of operational
invariants, which refer to stable cognitive structures that enable individuals to recognize
patterns, establish relationships, and solve problems in different contexts (Vergnaud,
1990).

In the teaching of rational numbers, operational invariants include, among others,
the equivalence between fractions, the density of rational numbers on the number line,
and the understanding of the concept of proportion. The development of these cognitive
structures enables students to construct a more flexible and generalizable
mathematical mindset, essential for dealing with situations involving the comparison of
quantities, proportional variations, and the interpretation of numerical relationships.
Thus, mastery of rational numbers should not be reduced to a set of rules and
algorithms, but rather to the ability to understand and manipulate mathematical
concepts in an adaptive and contextualized manner (Vergnaud, 1988).

Vergnaud’s theory also highlights the teacher’s role as a mediator of knowledge,
emphasizing the need to diagnose the cognitive schemas already developed by students
in order to structure pedagogical interventions that promote the expansion and
refinement of these schemas (Alves & Lima, 2012). This approach requires not only a
solid knowledge of the mathematical concepts involved but also a deep understanding
of the difficulties students face in learning rational numbers. Among the frequently
encountered obstacles, the following stand out: difficulty in understanding the
equivalence between different representations, resistance to dealing with the density
of rational numbers, and the tendency to treat fractions and decimal numbers as
completely distinct entities (Souza, 2014).

These barriers, as pointed out by Heusy et al. (2022), often reflect a lack of
connection between school content and students’ everyday experiences, resulting in
difficulties in establishing connections between different representations and numerical
contexts.

Overcoming these challenges requires an intentionally planned pedagogical
practice that fosters the construction of meaning through the resolution of authentic
problems and the exploration of multiple representations of rational numbers. The

adoption of teaching strategies that promote experimentation, investigation, and
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reflection on numerical relationships contributes to the development of students’
cognitive flexibility, allowing them to understand rational numbers in a broader and
more integrated way (Vergnaud, 1994).

However, the application of Conceptual Field Theory reinforces the importance of
formative assessment as a strategy to improve teaching and promote more meaningful
learning. Assessments that focus on identifying students’ cognitive schemas and
analyzing operational invariants allow the teacher to adjust their pedagogical approach
to the specific needs of the class, ensuring more effective teaching aligned with
knowledge-construction processes. This evaluative perspective should not be based
solely on correct or incorrect answers, but rather on the analysis of the underlying
reasoning, allowing the teacher to understand how students structure their
mathematical thinking and which challenges need to be addressed to deepen their
understanding of rational numbers (Vergnaud, 1996).

Thus, the Theory of Conceptual Fields establishes itself as an essential theoretical
framework for teaching rational numbers, providing insights to understand students’
difficulties and developing more effective pedagogical strategies. By articulating
cognitive schemas, operational invariants, and symbolic representations, the theory
enables dynamic and meaningful teaching, going beyond mere numerical manipulation
to build a solid conceptual understanding. This approach, when applied to the
organization of instruction, fosters deeper and more contextualized learning, preparing
students to tackle mathematical challenges with greater critical thinking. In Figure 1, a
schema based on Merlini (2005) summarizes Situations, Invariants, and

Representations in this field.
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Figure 1
Conceptual field of fractions

Concept of
Fraction

r ] 1
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Invariants Representations ‘ Situations
Formal sentence:
. Equivalence Lae b €EN Number
Ordering { Pictorial Part-whole
ObjeiCtS’ ) Multiplicative
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relations

Linguistic and

Symbolic Quotient

Note. Adapted from Merlini (2005).

Figure 1 summarizes the main elements of the conceptual field of fractions,
linking situations, operational invariants, and symbolic representations, as proposed by
Vergnaud’s Theory of Conceptual Fields. This organization allows us to visualize how
the various components interact in the learning of fractions, offering teachers a
framework for diagnosing difficulties and planning more effective instructional
interventions.

Next, we will discuss the main challenges faced in teaching rational numbers
based on the perspective of an 8th-grade teacher in Elementary Education. The analysis
will be guided by the Theory of Conceptual Fields and compared with the guidelines of
the Brazilian National Common Curriculum Base (BNCC) and the Single Reference
Curriculum of Acre (CRUA), highlighting tensions between pedagogical practice and

curricular objectives.

Challenges in teaching rational numbers: teacher perception and alignment
with the BNCC and CRUA in 8th grade of elementary education

This section aims to analyze the challenges related to teaching rational numbers
in the 8th grade of Elementary Education, based on the perceptions of a practicing

teacher and in dialogue with official curriculum documents, such as the Brazilian
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National Common Curriculum Base (BNCC) and the Single Reference Curriculum of Acre
(CRUA). The study seeks to understand the difficulties encountered in the teaching-
learning process, particularly regarding the integration of theory and pedagogical
practice.

To this end, data obtained through a semi-structured interview with the teacher
will be considered, as well as an analysis of a teaching sequence implemented by him.
The research focuses on understanding how content on fractions, as expressed in the
curriculum documents, is applied in teaching practice, and what barriers arise in the

daily school environment for student learning.

Analysis of the teaching of rational numbers in the 8th-grade mathematics
curriculum of elementary education

The teaching of rational numbers in the 8th grade of Elementary Education
occupies a central position in the mathematics curriculum, as established by the
Brazilian National Common Curriculum Base (Brazil, 2018) and the Single Reference
Curriculum of Acre (Acre, 2018). The BNCC, in particular, defines skills such as
EFO8MAO04, which involves solving problems involving fractions, recurring decimals, and
percentages in different contexts, and EFO8MAOQ5, which refers to the association of
different representations of rational numbers, establishing equivalences and order.
Such skills require an integrated approach that connects everyday contexts, symbolic
representations, and mathematical operations.

CRUA, by adapting these guidelines to the local reality, reinforces the importance
of contextualization based on regional practices, aligning teaching with the daily lives
of students in Acre. However, there is a significant gap between these curriculum
requirements and their implementation in the classroom, especially in municipalities
with limited infrastructure, such as Rodrigues Alves. This gap highlights the need for
pedagogical practices that effectively implement official guidelines, integrating theory

and practice in a coherent manner.

Pedagogical practices in the teaching of rational numbers: structural
challenges
Based on interviews with the teacher and an analysis of the instructional

sequence she/he used, critical categories of structural challenges that compromise the
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meaningful teaching of rational numbers were identified. These categories were
organized using Discursive Textual Analysis (Moraes & Galiazzi, 2016) and are

summarized in Figure 2.
Figure 2

Difficulties in teaching rational numbers

Problem of Teacher
Education

Weak pedagogical Underutilization of Learning difficulties

Teaching situations strategies teaching resources

Note. Prepared by the author (2025).

The first category consists of teaching situations lacking theoretical depth. The
analysis revealed the use of elements from the students’ own world to make the
learning process more engaging and meaningful. A relevant example is the
incorporation of anime as a context for creating math problems.

Anime are Japanese audiovisual productions characterized by their diversity of
genres and distinct visual styles. They cover a wide range of themes, from adventure
and fantasy to drama and science fiction, and are popular among various age groups
worldwide.

Among the anime used, Dragon Ball Z stood out as one of the most iconic and
influential series in history. Created by Akira Toriyama, the anime is a sequel to Dragon
Ball and chronicles the adventures of Goku, a powerful warrior who protects Earth from
intergalactic threats. The plot is filled with epic battles, surprising transformations, and
themes such as friendship, perseverance, and overcoming adversity. The popularity of
Dragon Ball Z transcends generations, and it is frequently used as a cultural reference
in various contexts, including educational ones.

The teacher mentioned the use of questions based on the division of Goku’s
energy bar and the distribution of Senzu Beans among warriors as examples of teaching
situations desighed to engage students. These strategies, while innovative and

potentially motivating, lack a theoretical foundation that would allow students to make
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more complex connections between fractions and other mathematical concepts. The
absence of structured discussions that encourage critical reflection on the concepts
limits the pedagogical impact of these activities. For example, the activity involving
Goku’s energy bar could be expanded to include discussions on equivalent fractions,
decimal representation, and proportionality, thereby exploring the educational potential
more comprehensively and making more connections between the concepts (Figure 3).

The second category identified, fragile pedagogical strategies, is structured based
on the analysis of a teaching sequence from the IDEB Project, focused on teaching
fractions in the 8th grade of Elementary Education. The stated objective of the sequence
was to facilitate learning for students who struggle to internalize these concepts.
Although the proposal includes positive elements such as the integration of playful
resources (e.g., fraction dominoes) and the use of contexts familiar to students, critical
analysis reveals weaknesses that compromise its educational potential.

One of the main problems lies in the conceptual superficiality of the activities.
Although it explores everyday situations, the sequence prioritizes the mechanical
application of algorithms, neglecting the construction of essential notions, such as
equivalence between fractions, conversion between representations (fractional and
decimal), and proportional relationships. This gap directly contradicts the BNCC (Brazil,
2018), which requires the integrated mastery of multiple representations of rational

numbers for solving complex problems.
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Figure 3
Question 2: IDEB Project — Fractions

Questao 2 (D22) — Analise a situacao no texto a seguir.
O universo de Dragon Ball Z

| No universo de Dragon Ball Z, Goku e seus

<

s

hups:ishre ink/Dgal
Durante o treinamento, eles decidem dividir as tarefas e os recursos de forma justa

amigos frequentemente enfrentam desafios que
exigem trabalho em equipe e estratégias precisas.
Imagine que Goku esta treinando com seus
amigos para enfrentar um novo inimigo poderoso.

para maximizar seu potencial.
Com base na situacao mostrada no texto, responda:

a) Goku e Vegeta tem uma barra de energia que pode ser dividida em 8 partes iguais.
Goku usa 3 partes da barra de energia em um ataque. Que fracao da barra de energia

3
Goku usou? Resp.: A fracao utilizada por Goku e: 5

b) Durante uma batalha, Goku e Vegeta precisam medir a for¢a de seus ataques. A forca
total combinada dos dois ataques ¢ de 5.000 unidades. Se o ataque de Goku tem 3.000
unidades de forca, qual € a razao entre a for¢ca do ataque de Goku e a forca total
combinada?

3.000 3

5000 5

Resp.: A razao entre a forca do ataque de Goku e a forca total combinada é:

c) Goku e Vegeta combinam que vao gastar metade do tempo das 8 horas de
treinamento praticando uma técnica especial de fusao. Quantas horas eles dedicarao a
essa técnica? Represente essa divisao como uma fracao.

8
Resp.: A metade das 8 horas de treinamento (:; = 4 horas, a fracao que representa essa
4 1
parte € s que simplificada € :
d) Goku, Vegeta, Piccolo e Gohan estao treinando juntos. Os quatro guerreiros vao
receber uma parte igual dos 12 Senzu Beans (feijoes magicos que restauram energia
instantaneamente) para dividir entre eles. Aléem disso, eles tém 8 horas de treinamento
e 4 diferentes técnicas para praticarem. Quantos Senzu Beans cada guerreiro recebera?
Represente essa divisao como uma fracao.
Resp.: Cada guerreiro recebera % = 3 Senzu Beans. A fracao que representa a parte de

cada guerreiro € — , que simplificada e T

Translation
Question 2 (D22) - Analyze the situation in the following text:
The Dragon Ball Z Universe
In the Dragon Ball Z universe, Goku and his friends often face
challenges that require teamwork and precise strategies. Imagine
that Goku is training with his friends to face a powerful new enemy.
During training, they decide to divide tasks and resources fairly in
order to maximize their potential.

Based on the situation shown in the text, answer:
a) Goku and Vegeta have an energy bar that can
be divided into 8 equal parts. Goku uses 3 parts
of the energy bar in one attack. What fraction of
the bar did Goku use?

Answer: The fraction used by Goku is: 3/8

b) During a battle, Goku and Vegeta need to
measure the strength of their attacks. Their
combined total strength is 5,000 units. If Goku’s
attack has 3,000 units of strength, what is the
ratio between Goku’s attack strength and the total
combined strength?

Answer: The ratio between Goku’s attack strength
and the total combined strength is: 3,000/5,000
= 3/5

c) Goku and Vegeta agree that they will spend half
of the 8 hours of training practicing a special
fusion technique. How many hours will they
dedicate to this technique? Represent this division
as a fraction.

Answer: Half of 8 training hours is 8/2 = 4 hours,
and the fraction representing this part is 4/8,
which simplifies to 1/2.

d) Goku, Vegeta, Piccolo, and Gohan are training
together. The four warriors receive an equal
amount of 12 Senzu Beans (magic beans that
instantly restore energy) to divide among
themselves. In addition, they have 8 hours of
training and 4 different techniques to practice.
How many Senzu Beans will each warrior receive?
Represent this division as a fraction.

Answer: Each warrior will receive 12/4 = 3 Senzu
Beans. The fraction representing each warrior’s
share is 3/12, which simplifies to 1/4.

Note. Adapted from the IDEB Project — Fractions (2024).

The mastery of fractions, cited as a complementary resource, illustrates another
limitation: the underutilization of manipulatives materials. Although games are
recognized as effective tools for visualizingg and investigating mathematical concepts
(Cardoso & Mamede, 2023), their application in the sequence is restricted to the basic
recognition of fractions, without advancing to operations or equivalences. As the
teacher states, “its effectiveness will depend on how it is planned”, which highlights the
need for intentional mediation. For example, when fitting the 2/4 piece with 1/2, one
could address the simplification of fractions; conversely, the sum of 1/3 and 1/6 could
challenge students to find the corresponding piece (1/2), thereby articulating
calculation and representation. However, without this guidance, the game becomes a

passive identification exercise, far from its potential as a tool for mathematical inquiry.

As shown in Figure 4.
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Figure 4
Question 6 of the Questionnaire on the Investigation of Pedagogical Approaches

In your opinion, do these materials meet the students’ needs? Explain your perception
regarding the effectiveness of these resources.

1 response

No, they serve as supplementary materials, and their effectiveness will depend on how they
are planned; the teacher’s intervention is essential

Note. Prepared by the author (2025).

The third critical category concerns the underutilization of teaching resources,
marked by the absence of in-depth pedagogical reflection. Although teachers recognize
the potential of educational games, such as fraction dominoes, to engage students,
there is a consensus that these resources, when not accompanied by intentional
mediation, do not guarantee meaningful knowledge construction.

The central problem lies in the lack of structured planning and the scarcity of
moments dedicated to theoretical consolidation. As a result, students often fail to
establish connections between playful activities and the underlying mathematical
concepts, reducing the educational potential of these practices. This weakness echoes
warnings in the literature, which emphasizes that teaching materials must be linked to
reflective strategies and never treated as isolated actions (Souza, 2014).

The absence of systematic records following the activities, for example, illustrates
the disconnect between practical experience and conceptual abstraction, signaling the
urgency of approaches that integrate teaching resources with active and investigative
methodologies.

The analysis also points out that this disconnect between theory and practice is
reflected in teacher training. Although the teacher acknowledges that “the teacher’s
intervention is essential”, she/he lacks the repertoire to implement profound
pedagogical changes. According to Souza (2014), the effectiveness of playful resources
depends not only on the appropriate choice of material but on the ability to link concrete
activities to conceptual debates, such as relating domino movements to properties of
equivalence or operations with fractions. Without this qualified mediation, games

become empty entertainment, far removed from mathematical rigor.
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In this context, continuing education emerges as a strategic pillar, empowering
teachers to transcend the mechanical repetition of algorithms and adopt practices that

stimulate critical analysis, argumentation, and collaborative problem-solving. The

analysis in Figure 5 highlights learning difficulties.
Figure 5

Guidelines for the fractions domino game

Apos a explicacao, informe que deverao seguir as orientacoes abaixo para que possam

—— Numerador

—— Denominador

Um tergo representa 1 parte das 3
partes em que o objeto foi dividido.

Disponivel em: https://abrir.link/RBzlj. Acesso em: 08 ago. 2024.

jogar o domino.

Passc 1

Passc 2

Dassc 3

No inicio, todas as pecas devem ser colocadas viradas para baixo e
embaralhadas. Cada integrante do grupo escolhe 7 pecas.

O grupo tira a sorte para definir qual sera a ordem dos jogadores.

O aluno que for realizar a primeira jogada, deve jogar uma peca que
contenha apenas fracoes iguais ou imagens iguais. Caso o aluno nao
possua nenhuma peca neste formato, passa a vez para o outro jogador.

Translation

One third represents 1 part of the 3 parts into
which the object was divided.

Numerador - Numerator

Denominador - Denominator

After the explanation, inform them that they
should follow the instructions below so that they
can play dominoes.

Step 1: At the beginning, all the pieces must be
placed face down and shuffled. Each member of
the group chooses 7 pieces.

Step 2: The group draws lots to determine the
order of the players.

Step 3: The student who makes the first move
must play a piece containing only equal fractions
or equal images. If the student does not have any
piece in this format, the turn passes to the next
player.

Step 4

The next player must place, at one of the ends, a
piece that matches the image or fraction displayed
on the table, according to this image.

Step 5

The winner is the player who uses all of their cards
first.

O proximo jogador deve colocar nas extremidades,

Passc4 | yma peca que corresponda a imagem ou a fracao

disposta sobre a mesa, conforme essa imagem.

Passod | Vence o jogador que primeiro usar as suas cartas.

Note. Adapted from the IDEB Project — Fractions (2024).

The fourth category of learning difficulties, related to Rational Numbers (RN),
reveals profound challenges in both the operational and conceptual domains. Analysis
from the teacher’s perspective indicates that students’ gaps are not limited to the
mechanical application of algorithms but involve the essential understanding of
concepts such as fractions, decimals, and their interrelationships. The lack of flexibility
in interpreting fractions in different contexts, the difficulty in linking fractional and
decimal representations, and the obstacles in solving practical problems are barriers
that require a more robust pedagogical approach, grounded in the construction of
meaning.

Finally, the last category identified in the analysis points to limitations in the
teaching methodology adopted. The teacher reports that their practices are

predominantly based on interactive lectures, supplemented by contextualized problems
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aimed at bringing mathematical concepts closer to students’ reality. Examples such as
dividing a pizza or calculating change are cited as strategies to illustrate the applicability
of rational numbers in daily life. However, while these approaches have the merit of
sparking interest, they may fail to foster a deeper conceptual understanding, often
limiting themselves to the superficial transmission of information, without stimulating
critical reflection or the resolution of complex problems.

An emblematic example of this gap is the initial activity involving the division of
a pizza, mentioned by the teacher. As he himself describes it: “A dialogic lecture,
proposing contextualized problems [...] to demonstrate how fractions and decimals
relate to everyday life”. In practice, students learn that 3 slices of a pizza divided into
8 pieces correspond to 3/8, but they are not encouraged to explore essential
relationships, such as decimal equivalence (0.375) or comparison with other
representations (e.g., 6/16). This superficiality prevents them from understanding
proportionality or the connection between fractions, decimals, and percentages,
fundamental skills highlighted by the BNCC.

This is precisely where the contradiction lies: the BNCC emphasizes the
integration of multiple representations of rational numbers (fractional, decimal,
percentage) for application in complex situations. By limiting itself to the use of
everyday examples without thoroughly exploring the relationships between fractions,
decimals, and percentages, the methodology may not fully prepare students for
challenges that require abstraction, such as adjusting proportions or interpreting data
in graphs. Therefore, although real-world context is a valid resource for engagement,
its effectiveness depends on strategies that integrate questioning, comparisons, and
generalizations, going beyond the mere illustration of concepts. Thus, Figure 6 leads to
an analysis of meaningful learning.

Figure 6
Question 1 of the questionnaire on pedagogical approaches

How have you worked or how do you intend to work with the content of fractions and decimal
numbers with your 8th grade students?

1 response

Dialogued expository lessons, proposing contextualized everyday problems, such as dividing a
pizza among friends (fractions) or calculating change, exploring practical situations to
demonstrate how fractions and decimals relate to daily life.

Note. Prepared by the author (2025).

Educ. Matem. Pesq., Sdo Paulo, v. 28, p. 01- 39, 2026, e71563 25



In this context, CFT offers a relevant contribution, as it argues that meaningful
learning arises from the generalization of knowledge through the resolution of diverse
problems. This implies going beyond the memorization of rules, encouraging students
to explore connections between representations and contexts. For example, an activity
involving Goku’s energy bar, mentioned in the original text, can be expanded to include
discussions on equivalent fractions, decimal representation, and proportionality. If
Goku loses 1/4 of his energy, students can discuss how much remains (3/4 or 0.75),
relating the two forms of representation and asking: “Why is 0.25 equivalent to 1/4?
How does the division 1+4 explain this?”.

Conceptual difficulties manifest themselves, above all, in the inability to recognize
that fractions and decimals are interchangeable ways of expressing parts of a whole.
To address this, it is essential to work on interpretive flexibility. Comparing Goku’s
energy bar to everyday situations - such as dividing a pizza, measuring fabric, or
calculating expenses - reinforces that RN are present in multiple contexts. Operational
difficulties, such as adding fractions without common denominators (e.g., 1/2 + 1/3 =
2/5) or confusing multiplication with addition, often arise from the disconnect between
algorithms and their meaning. Here, strategies such as using fraction circles to
demonstrate the need for common denominators or the visual representation of
operations (e.g., showing that 1/2 of 1/4 is equivalent to 1/8 of a square) can restore
the meaning behind the rules.

Proportionality is another critical area. Problems such as “If 3/4 of a tank of gas
allows you to travel 150 km, how far can you travel with a half-full tank?” require
students to apply concepts of fractions, decimals, and proportional relationships
simultaneously. Vergnaud emphasizes that generalization occurs when the same
concept is applied to varied situations. Thus, after solving problems involving Goku’s
energy bar, students can transfer this knowledge to calculate a cell phone’s battery
consumption or adjust ingredients in a recipe, reinforcing the idea that RN are versatile
tools for interpreting the world.

To overcome these challenges, formative assessment is crucial: identifying
common errors, such as representing 0.5 as less than 1/3, reveals whether the
difficulties are operational (lack of mastery of algorithms) or conceptual (failure to
understand the magnitude of numbers). Educational games, such as “Battle of the
Decimals”, where cards with 0.5 compete against 1/2, transform learning into a playful

and reflective process.
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Analysis of the instructional sequence in the teaching of rational numbers
revealed clear gaps in the structure of the material presented by the teacher that
compromise meaningful learning. The predominance of lecture-based classes with little
encouragement for critical reflection, combined with superficial didactic situations that
neglect connections between fractions, decimals, and proportionality, reveals a gap in
the articulation between theory and practice. Furthermore, the underutilization of
teaching resources without qualified mediation and weak pedagogical strategies
reinforce operational and conceptual difficulties among students, such as the inability
to relate mathematical representations in complex contexts. These limitations,
combined with deficiencies in teacher training, point to the urgent need for reforms
aligned with the BNCC, which integrate multiple representations and promote the active
construction of knowledge.

In light of these gaps, we propose adopting a practical approach grounded in CFT,
integrating everyday contexts, qualified mediation, and investigative activities. The
proposal aims to replace superficiality with a practice that unites theoretical rigor,
creativity, and social relevance, transforming the teaching of rational numbers into an

intellectually challenging experience.

Teaching sequence for the instruction of rational numbers in elementary
education

As highlighted by Peretti and Costa (2013), the Teaching Sequence (TS) serves
as a resource for methodically structured pedagogical planning, whose primary purpose
is to organize the teaching process into progressive and interconnected stages, aiming
to construct knowledge in a meaningful and contextualized manner.

This didactic sequence addresses the specific objectives of proposing a
contextualized framework that articulates multiple representations of rational humbers
in everyday Amazonian contexts, such as fish farming and agriculture, and of evaluating
how CFT contributes to the structuring of robust cognitive schemas and the promotion
of meaningful learning.

In the context of teaching fractions and rational nhumbers, the adoption of a
contextualized approach in the TS is justified by the need to bring mathematical
learning closer to students’ everyday experiences. Mathematics, often perceived as an
abstract field of knowledge distant from immediate reality, can be reframed when
placed in contexts that engage with students’ experiences and sociocultural world.

Thus, the pedagogical proposal of this TS is based on the premise that the connection
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between mathematical content and students’ social practices enhances engagement,
motivation, and conceptual understanding, contributing to more effective and lasting
learning.

The target audience for this teaching sequence consists of 8th-grade students
enrolled in a public school located in the municipality of Rodrigues Alves, in the state
of Acre. This group has a socioeconomic, cultural, and geographic profile marked by
the particularities of the Amazon region; according to the Brazilian Institute of
Geography and Statistics (IBGE), the Municipal Human Development Index (HDI) is
0.567, considered low, with particular emphasis on the indicators of education (0.48),
income (0.52), and life expectancy (0.74).

These data highlight Ilimitations in access to schooling and economic
opportunities, which imply specific challenges and opportunities in the teaching and
learning process. Aged between 11 and 15, these students experience, in addition to
the typical characteristics of this developmental stage, structural and logistical
limitations stemming from the local context. The class is heterogeneous, composed of
students from both urban areas and adjacent rural communities, such as Praia da
Amizade. This diversity of backgrounds and realities necessitates a pedagogical
approach sensitive to different learning needs and paces, which must be carefully

considered in the planning and implementation of the instructional sequence.

proposal for a didactic sequence for teaching rational numbers in elementary
education

Interactive teaching sequence

School:
Federal Institute of Education, Science, and Technology of Acre — Cruzeiro
do Sul Campus
. Teacher:
Joao Victor Rodrigues Carneiro (Undergraduate Student in Mathematics)
Advisor:
Dr. Marcondes de Lima Nicacio
Estimated workload: 4 hours Date:
Field of study: Formative itinerary / Gg?r?%:g:jlgl:
Mathematics and Its Curricular component: (Elementary
Technologies Mathematics Education)

Thematic scope

Specific competency(ies) BNCC/acre’s single reference curriculum:
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(02) Develop logical reasoning, an investigative spirit, and the ability to
produce convincing arguments, using mathematical knowledge to understand
and act in the world.

SKill(S): BNCC

EFO8MAQ4: Solve problems involving fractions, recurring decimals, and
percentages in different contexts.

EFO8MAOQO5: Associate different representations of rational numbers,
establishing equivalences and order.

Object(s) of knowledge

1.Rational numbers: fractions, decimal representation.

2.Relationships between fractions and decimals; equivalence and comparison
of fractions.

3.Problem-solving involving numerical concepts and their applications in
everyday life.

Learning objective(S):

1. Understand different representations of rational numbers (fractions and
decimals), establishing equivalences and orders.

2. Apply the concepts of fractions to solve contextualized problems.

3.Analyze the relationship between fractions and decimals to identify
equivalences and perform conversions between numerical representations.

4. Solve word problems involving operations with fractions, using various
strategies.

6. Develop mathematical explanations using logical and coherent arguments
to justify procedures and solutions found.

Lesson 1 - Fish Farming: Calculating Feed and Fish Distribution

1st Moment: Introduction and initial contextualization (problem situation). A

stimulating discussion to identify students’ prior knowledge on the topic and establish

4

connections with everyday situations. Supplementing the activity to assess students

prior knowledge with the distribution of Worksheet 1 containing the following situation:

Laurindo, a resident of Rodrigues Alves, has a small fish farm where he
raises tambaqui, one of the most popular fish in the region. To ensure his
fish grow healthy, he needs to correctly calculate the daily amount of feed.
His fish farm has 20 tambaquis, and each fish must receive 2/5 of a
kilogram of feed per day. He bought an 8-kilogram bag of feed and wants
to know for how many days he will be able to feed his fish without needing
to buy more feed.
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Present Figure 7 to the students so they can connect to the context of the
problem. Record the keywords identified during this discussion on the board, allowing

for a collective construction of the initial concept of fractions.

Figure 7

Fishing in a reservoir

Note: Adapted from O Agro é Nosso (2021).

2nd Moment: Development. Introduction of a new problem situation: “A fish farm
produced 2,500 kg of tambaqui in one cycle. The producer needs to divide this amount
equally among 5 tanks for the fattening phase (Sebrae, 2018). How many kilograms of
fish will each tank receive? If the tambaqui survival rate in this phase is 1/4, how many
kilograms of live fish will be obtained per tank?”. Guidance for students to discuss and
represent their solutions through drawings, diagrams, or numerical expressions.
Presentation of answers by students, facilitated by the teacher, who will guide the
sharing of ideas and help students understand that fractions are a mathematical way
of representing divisions.

Formalization of the concept of a fraction and introduction of the elements of a
fraction, such as the numerator and denominator, as shown in Figures 8 and 9.
Figure 8

Fractions

A fraction can be understood as a number that represents parts of a whole. In the
representation of a fraction, the numerator indicates how many parts of the whole are being
considered, and the denominator indicates into how many equal parts a whole is divided. The
denominator is always different from zero.

6 - numerator

16 - denominator

Note. Adapted from Iezzi et al. (2022).
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Figure 9

Classification of Fractions

As fracdes podem ser classificadas, de acordo com o numerador e o denominador, em fraces proprias,

fragdes improprias e fragdes aparentes. Acompanhe a seguir.
FracOes proprias

£0,

. n 7
Sdo aquelas em que o numerador é menor
100

do que o denominador.

Exemplos:

vl N

8
3

R

FracOes improprias

5 10 12 100
Exemplos: =, —, —, —

Sao aquelas em que o numerador é maior ) :
36 12 8

do que o denominador ou igual a ele.

Fracoes aparentes

Translation

Fractions can be classified, according to the
numerator and the denominator, into proper
fractions, improper fractions, and apparent
fractions. Follow along below.

Proper fractions

These are those in which the numerator is
less than the denominator.

Examples: 1/2, 2/5, 8/10, 70/100
Improper fractions

These are those in which the numerator is
greater than or equal to the denominator.
Examples: 5/3, 10/6, 12/12, 100/8

4 30 35 150
Exemplos: =, — —, —.

Sao aquelas em que o numerador € muiltiplo = = .
4 5 7 50

: Apparent fractions
do denominador.

These are those in which the numerator is a
multiple of the denominator.
Examples: 4/4, 30/5, 35/7, 150/50

Note. Adapted from Iezzi et al. (2022).

Board activity for students to note how fractions are classified into proper
fractions, improper fractions, and mixed fractions.

3rd Moment: Application, assessment, and/or conclusion (Operational
invariants). Group review to consolidate the concepts covered through questions: What
is the numerator of a fraction? What is the denominator of a fraction? In a fraction,
what happens when the numerator is equal to the denominator? What are proper
fractions? Give an example. What are improper fractions? Give an example. Record a
summary of the lesson in the notebook, including practical examples and key concepts.
Time for final reflection on difficulties encountered throughout the lesson, encouraging

students to identify challenges and discuss strategies to overcome them.

Lesson 2 — Formal definition of rational numbers

1st Moment: Review and contextualization (Operational invariants). Recall the
definition and importance of fractions in mathematics. Encourage student participation
through targeted questions: Has anyone ever seen a fraction represented in another
way, such as a decimal or in another form? What happens when we divide 1 by 2 on a
calculator? How can we represent an integer as a fraction? These questions will activate
students’ prior knowledge and introduce the idea that fractions, decimals, and integers
belong to the same numerical set: the rational nhumbers.

2nd Moment: Formal definition of rational numbers (Symbolic representations).

The teacher will begin the explanation of the set of rational numbers Q. Next, they will
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present the formal definition of rational numbers on the board, highlighting their
mathematical notation and some examples, as shown in Figure 10.

Figure 10
Definition of rational numbers

Quando dividimos um ndmero neiro p por utro ndmero nteiro o nulo, g, o quociente = podeserinteio. When we divide an integer p by another
ou ndo. E non-zero integer, q, the quotient p/g can

L~ 7 be an integer or not.
0s ndmeros que podem ser representados na forma =, sendo p e g inteiros e g # 0,
g

Numbers that can be represented in the
g form p/q, where p and q are integers and
g # 0, are called rational numbers.

530 chamados nmeros racionais.

Note. Adapted from Iezzi et al. (2022).

3rd Moment: Reinforcement activity (Symbolic representations). Contextualized
reinforcement activity (Worksheet 2) to reinforce the understanding and application of
the concepts of fractions and rational numbers in everyday life.

Activity 1. Mr. Joao, a farmer from Rodrigues Alves, harvested 36 kg of cassava
from his farm. He decided to divide this amount equally among his four children so that
each one can sell some at the market. How many kilograms of cassava will each child
receive? How can this division be represented as a fraction and a decimal?

Figure 11

Cassava Field

Note. Adapted from Plantei (2021).

Activity 2. Mrs. Francisca grows vegetables and needs to irrigate her garden with
9 liters of water per day. She has a 3/4-liter watering can and wants to know how many
times she will need to fill it to complete the daily irrigation. How many times will Mrs.

Francisca need to fill the watering can distribute all the necessary water?
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Figure 12

Watering Vegetables

Note. Adapted from Ecotelhado (2020).

Activity 3. Mr. Antonio raises free-range chickens and prepares a feed mixture
with corn bran, soybean meal, and rice hulls. For every 10 kg of feed, he uses 2/5 kg
of soybean meal. If he prepares 50 kg of feed, how many kilograms of soybean meal

will he need to use?
Figure 13

Chicken coop

)

Note. Adapted from Bernardino (2020).

Activity 4. In the community of Praia da Amizade, cassava flour production is a
tradition. For every 5 kg of raw cassava, 2 kg of flour is obtained after the drying and
roasting process. If a family processes 30 kg of cassava, how many kilograms of flour
will they be able to produce? How can we express this relationship as a fraction, and

how can we classify it?
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Figure 14

Roasting flour

Note. Adapted from Brandao (2019).

4th Moment: Review (Operational Invariants and Symbolic Representations). The
teacher will review the main concepts covered, encouraging active student
participation. They will invite students to share the strategies they used to solve the
activities: How did you represent the problems as fractions and decimal numbers? Was
it easy to identify the relationship between fractions and whole numbers? What
challenges did you encounter when working with operations involving fractions? The
teacher will solve the previous exercises on the board, highlighting important points,
such as the equivalence between fractions and decimals, the importance of interpreting
the problem, and the use of appropriate mathematical strategies. To conclude, the
teacher will facilitate a brief discussion on how rational numbers and fractions are

present in everyday life, connecting the learning to the students’ reality.

The integration between the teaching sequence and the theory of conceptual
fields

The proposed teaching sequence for teaching rational numbers in the 8th grade
of Elementary Education is structured as a pedagogical response to the challenges
identified in the research, which pointed to gaps such as superficiality in the treatment
of multiple representations, the disconnect between theory and practice, and the
underutilization of teaching resources. Anchored in Vergnaud’s Theory of Conceptual
Fields (1990), the proposal seeks to overcome these weaknesses through an approach
that integrates contextualized situations, operational invariants, and symbolic

representations, as advocated by the author.
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Vergnaud’s theory holds that mathematical learning occurs through the
interaction of three interdependent dimensions: situations (contexts that give meaning
to concepts), operational invariants (internalized concepts and relationships), and
representations (ways of expressing knowledge). From this perspective, the teaching
sequence was desighed to explore everyday situations in the Rodrigues Alves region,
such as cassava flour production and tambaqui fish farming, linking them to
mathematical problems that require the use of fractions. For example, when calculating
the amount of feed needed to feed 20 tambaqui fish (Activity 1), students not only
apply the operation 2/5 x 20 but also recognize the fraction as a multiplicative operator
in a real-world context, strengthening their understanding of the part-whole
relationship, a central invariant highlighted by Vergnaud (1994).

The articulation between multiple representations - fractional, decimal, pictorial,
and linguistic - is another structural pillar of the sequence. Vergnaud (1990)
emphasizes that mastery of a concept requires the ability to transition between
different symbolic registers. In the activity on cassava flour production (Activity 4),
students convert the ratio of 5 kg of raw cassava to 2 kg of flour into a fraction (2/5),
a decimal (0.4), and a practical context (quantity produced per family), exercising the
cognitive flexibility necessary to solve complex problems. This approach contrasts with
the criticized practices that were limited to the repetition of algorithms without
connection to meaning, as highlighted by Oliveira (2016).

Operational invariants, such as equivalence and ordering, are intentionally
addressed. In the vegetable irrigation activity (Activity 2), students convert 9/4 liters
of water to the decimal form (2.25), exploring the equivalence between
representations. Vergnaud (1996) emphasizes that the internalization of these
invariants allows students to generalize concepts to new situations, such as calculating
percentages or adjusting proportions in recipes. This perspective aligns with the BNCC
(Brazil, 2018), which requires mastery of skills such as "“associating different
representations of rational numbers” (EFO8MAQS5), reinforcing the need for teaching
that transcends rote memorization.

The sequence also addresses the underutilization of teaching resources, a
recurring problem in the practices analyzed. By employing images of local crops, pie
charts, and games such as fraction dominoes, the proposal replaces excessive reliance
on the textbook with tools that stimulate inquiry. Vergnaud (1990) argues that concrete
and visual materials are essential for the formation of action schemas, especially when

mediated by reflective questions (e.g., "Why is 0.25 equivalent to 1/4?”). This
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mediation, absent in traditional classes, is incorporated into the sequence through
guided discussions following each activity, such as the discussion on the equitable
division of cassava among families, which links mathematical concepts to sociocultural
issues.

Finally, the instructional sequence addresses gaps in teacher education by
offering a structured roadmap with explicit pedagogical mediations. Teachers are
guided to foster connections between theory and practice, such as in the
systematization of concepts following the use of playful games. This approach, aligned
with the Acre Curriculum (2018), which prioritizes the “link between mathematical
knowledge and local reality,” demonstrates that it is possible to overcome fragmented

teaching when strategies are designed to promote the active construction of knowledge.

Final considerations

This study sought to answer the central research question: how can current
pedagogical approaches, in light of Vergnaud’s Theory of Conceptual Fields, contribute
to overcoming difficulties in learning rational numbers in the 8th grade of Elementary
Education? Throughout the research, the specific objectives outlined were addressed,
and the results show that the articulation between contextualized situations and the
elements of the theory - operational invariants, schemas, and symbolic representations
- constitutes an effective way to overcome historical difficulties in the teaching of
rational numbers.

The analysis of the teacher’s perceptions indicated that, despite recognizing the
relevance of contextualized strategies, challenges were identified regarding
pedagogical mediation, the use of teaching resources, and continuing professional
development. These aspects are consistent with studies such as those by Oliveira
(2016) and Cardoso and Mamede (2023), which highlight recurring difficulties in
students’ consolidation of concepts.

The proposal for a teaching sequence integrated with Vergnaud’s Theory emerged
as a response to these challenges. By linking rational humbers to local contexts - such
as tambaqui fish farming, cassava cultivation, and flour production in the Amazon
region - the sequence promoted the mobilization of operational invariants, such as
equivalence between representations (fractional, decimal, and percentage) and
proportional relationships. This approach aims to create conditions for students to move
between concrete problem situations and mathematical abstractions, with the goal of

building robust cognitive schemas.
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It is based on the assumption that the integration of multiple representations,
combined with the resolution of authentic problems, could demonstrate how meaningful
learning is grounded in the connection between mathematical concepts and everyday
experiences. This perspective aligns with Vergnaud’s (1990) theory of conceptual fields,
which emphasizes the importance of contextualized situations in the development of
mathematical thinking. The results indicated improvements in students’ ability to
interpret data, compare quantities, and apply knowledge in varied contexts, aligning
with the guidelines of the BNCC and CRUA.

The contributions of this study extend to both the academic field and teaching
practice. From a theoretical perspective, the relevance of Conceptual Field Theory as a
framework for rethinking the teaching of rational numbers was reinforced, highlighting
the need to integrate situations, invariants, and representations. In practice, the
teaching sequence offers a replicable model for educators, especially in regions with
complex socioeconomic realities, such as the Amazon. By valuing local contexts, the
proposal not only facilitates mathematical understanding but also redefines the role of
the school as a space for dialogue between scientific and cultural knowledge.

However, the study has limitations. The sample, restricted to a public school in
Rodrigues Alves, does not allow for broad generalizations, and implementing the
teaching sequence would require adjustments in contexts with poorer infrastructure or
larger classes. Furthermore, teacher training may be a critical obstacle: many teachers
lack the skills to facilitate investigative activities or integrate educational technologies
effectively. These gaps underscore the urgency of continuing education programs that
focus not only on mathematical content but also on active methodologies and formative
assessment.

For future studies, we suggest expanding the research to other regions of the
country, allowing for a comparison of the effectiveness of the contextualized approach
across different realities. Investigating the impact of digital games and simulators on
the teaching of fractions, as well as analyzing the relationship between mathematical
self-esteem and mastery of rational numbers, are promising avenues. Furthermore, we
propose the creation of teaching materials adapted to local contexts, in partnership
with communities, to strengthen the social relevance of education.

In summary, this study reinforces those overcoming difficulties in teaching
rational numbers require more than a revision of methods: it demands a cultural
transformation in mathematics education, in which theoretical rigor, pedagogical

creativity, and the appreciation of contexts come together to shape critical citizens.
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