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Abstract  

We are aware of the errors made in calculating asymptotes, and the resulting confusion 

leads to punishment for mistakes, perpetuating these poor practices in mathematics 

education today. Asymptotes are one of the essential concepts in calculus, which is 

typically taught in a traditional manner. Here, we delve into the decolonial planetary-

complex project, aiming to conduct a comprehensive, ecosophical, and diatopic 

hermeneutics of asymptotes in mathematics and their influence on mathematics 

education. Using the transmethod of comprehensive, ecosophical, and diatopic 

hermeneutics, we move through analytical, empirical, and propositional stages. We 

illustrate with examples using GeoGebra and seek wisdom and concordance in a 

mathematics that is science, art, and the language of the universe. 

Keywords: Asymptotes, Ecosophy, Diatopia, Hermeneusis, Mathematical 

Education. 
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Resumen  

Sabemos de los errores que se comenten en los cálculos de las asíntotas y las 

confusiones devienen en el castigo al error, y siguen dichas malas prácticas hoy en la 

enseñanza de la matemática. Las asíntotas en uno de los conceptos esenciales en el 

cálculo, que normalmente es enseñando de manera tradicional. Acá indagamos en el 

proyecto decolonial planetario – complejo, como objetivo realizamos una hermeneusis 

comprensiva, ecosófica y diatópica de las asíntotas en la matemática, y así su influencia 

en la Educación Matemática. Con el transmétodo la hermenéutica comprensiva, 

ecosófica y diatópica pasamos como los momentos analíticos, empíricos y propositivos. 

Ilustramos con ejemplos usando GeoGebra y buscamos la sabiduría y concordancia en 

una matemática que es ciencia-arte-lenguaje del universo. 

Palabras clave: Asíntotas,  Ecosofía, Diatopía, Hermeneusis, Educación 

Matemática. 

Resumo  

Estamos cientes dos erros cometidos na determinação de assíntotas e não no cálculo, 

pois as assíntotas são curvas, e a confusão resultante leva à punição por esses erros, 

perpetuando essas práticas inadequadas no ensino da matemática atualmente. 

Assíntotas são um dos conceitos essenciais do cálculo, que geralmente é ensinado de 

maneira tradicional. Aqui, aprofundamos o projeto decolonial do complexo planetário, 

com o objetivo de conduzir uma hermenêutica abrangente, ecosófica e diatópica das 

assíntotas na matemática e sua influência no ensino da matemática. Utilizando o 

transmétodo da hermenêutica abrangente, ecosófica e diatópica, percorremos os 

estágios analítico, empírico e proposicional. Ilustramos com exemplos usando o 

GeoGebra e buscamos sabedoria e concordância em uma matemática que é ciência, 

arte e a linguagem do universo. 

Palavras-chave: Assíntotas, Ecosofia, Diatopia, Hermenêutica, Educação 

Matemática. 

Résumé  

Nous sommes conscients des erreurs commises dans le calcul des asymptotes, et la 

confusion qui en résulte conduit à sanctionner les erreurs, perpétuant ainsi ces 

mauvaises pratiques dans l'enseignement des mathématiques. Les asymptotes sont un 

concept essentiel du calcul différentiel et intégral, généralement enseigné de manière 

traditionnelle. Nous explorons ici le projet décolonial du complexe planétaire, visant à 
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mener une herméneutique globale, écosophique et diatopique des asymptotes en 

mathématiques et de leur influence sur l'enseignement des mathématiques. À l'aide de 

la transméthode de l'herméneutique globale, écosophique et diatopique, nous 

progressons à travers les étapes analytique, empirique et propositionnelle. Nous 

illustrons notre propos par des exemples utilisant GeoGebra et recherchons la sagesse 

et la concordance dans des mathématiques qui sont à la fois science, art et langage de 

l'univers. 

Mots-clés: Asymptotes, écosophie, diatopie, herméneutique, didactique des 

mathématiques. 

 

Introduction. The Urgency of Studying Asymptotes in the Teaching of 

Mathematics 

I only know that I know nothing! (Platon, 1871). 

What a thirst to know so much! What a hunger to know how many stars there 
are in the sky! (Neruda, 1954, p. 4). 

If any of you lacks wisdom, ask God for it, and He will give it to you, for God 
gives to all generously without showing partiality (Santiago 1:5). 

I believe that we must all seek wisdom day by day to illuminate our daily lives 
and our actions in the world. In that search, it is highly recommended to consider 
the quintessential Socratic motto in great analyses of humanity: I know only that 
I know nothing!”; which implies, above all, the immense desire to attain wisdom, 
in the recognition of our great potential, that in the image of God as Jesus Christ 
our Savior and brother we have an inheritance of the throne. However, the vices 
of knowledge prevent us from seeing the light of such a magnificent opportunity. 
(…) Not closing ourselves off to the delusion of “I am”; instead embracing: “I 
exist and I seek to be (Rodríguez, 2020, p.44). 

George Papy, in an interview with Augusto Pérez, affirms that mathematics 
connects us with Being, with reality. (…) I observe that mathematics touches 
upon deep psychological structures (…) we can say that mastery of mathematical 
language exerts a therapeutic effect (…) Children or individuals who have been 
blocked from learning mathematics have also been blocked in their personality. 
A child who did not learn mathematics feels diminished in themselves as an 
individual. We can therefore speak of a deep connection between mathematical 
knowledge and personality. This is not the case with other disciplines (Pérez, 
1980, p. 45) 

 

Thinking of mathematics as part of humanity’s heritage restores a poetic sense to my 

desire for knowledge, when, in the midst of God’s infinity, as the first epigraph says: “I 



                                                            Educ. Matem. Pesq., São Paulo, 2026, v. 28, p. 01-29, 2026, e75653  

know that I know nothing!” Alluding to the Socratic dialogues in Plato; I find myself 

again in my longing to be wise, and there I go in my Christian, not religious, formation, 

thinking that the knowledge of the world is not enough to achieve it; I will explain 

myself shortly, and the reader will understand if they let go of the absolutism of 

believing that all knowledge comes from man and that God is religion. That is why we 

reveal ourselves once and for all in the context of life as a complex being, forming—

without separating—the digamma (ϝ) or stigma (ϛ): nature-body-mind-soul-spirit-God 

(Rodríguez, 2022a). 

In those decisions leading to wisdom in the second epigraph, I quote Pablo Neruda from 

his Ode to Numbers: “What a thirst to know how much!” What a hunger to know how 

many stars the sky holds! Thus begins the beautiful poem; with this, in the epigraph, 

we have sought to begin our inquiry, and Pablo Neruda demonstrates exceptional 

beauty that can draw dreamy smiles upon numbers. As a lover of mathematics and of 

life, my aspiration in teaching is to inspire that excitement in my students so that they 

may be filled with passion for numbers, for concepts, and thus for every meaning and 

way of thinking in mathematics (Rodríguez, 2020a); among them, the mathematical 

creation of life by our loving God; entre ellos la creación matemática de la vida por 

nuestro Dios amado. 

As a human being set free within this rhizomatic, decolonial, planetary, complex, and 

transmethodological inquiry; aware of our oneness with God in His Trinity: Father-Son-

Holy Spirit, in the third section I return to the Holy Scriptures in search of wisdom, and 

I know that in the Holy Scriptures we find the Epistle of James, in Greek Ἰάκωβος, which 

is a letter or epistle of the New Testament. The author James, a servant of God and of 

the Lord Jesus Christ as he himself indicates, tells us that if any of you lacks wisdom, 

ask God for it, and He will give it to you, for God gives to all generously without showing 

partiality. Therefore, I go to the fountain of the Holy Spirit to obtain His illumination of 

God’s wisdom. 

And thinking of God and His language of the universe in perfect mathematical 

harmonies, in the fourth section of the work titled: An Inevitable Dialogue: 

Mathematics-Complexity, and a Necessity: I Only Know That I Know Nothing!, I come 

to declare that I believe we must all seek, day by day, the wisdom that illuminates our 

daily lives and our actions in the world; above all, the immense desire to attain wisdom, 

in recognition of our great potential, which, in the image of God as Jesus Christ our 

Savior and brother, we have inherited from the throne. Nevertheless, the flaws in our 
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understanding prevent us from seeing the light of such a magnificent opportunity. To 

do so, by not closing ourselves off to the delusion of “I am,” but instead embracing “I 

exist and seek to be,” we can discover infinite complex and decolonial ways of 

conceiving of ourselves and understanding the world, imagining an inexhaustible, non-

definitive wellspring where absolute truth resides and flows from the Holy Scriptures. 

In all of this, I connect with the fifth section featuring mathematician George Papy, who 

contributed greatly to mathematics education in Argentina in the 1980s, and who, in 

an interview with Augusto Pérez, affirms that mathematics connects us with Being, with 

reality; noting that mathematics touches upon deep psychological structures; so that 

the mathematician says we can say that mastery of mathematical language exerts a 

therapeutic effect. And he makes the assertion that children or individuals who have 

been blocked from learning mathematics have also been blocked in their personality; 

that is why he says that a child who did not learn mathematics feels diminished in 

themselves as an individual. In this way, we can speak, then, of a profound relationship 

between mathematical knowledge and personality. This is not the case with other 

disciplines. And I believe that the convergence of metacognition, complexity, and 

mathematics (Rodríguez, 2020c) leads us to profound, wise, and mysterious 

metacognitive processes—divine and loving—that reflect God and our oneness with Him 

in the pursuit of wisdom. 

This inquiry brings together: planetary decoloniality-complexity with rhizomes, 

transmethods, complexity, transdisciplinarity, ecosophy, and diatopia in Mathematics 

Education and factorization operations. They transcend into the line of inquiry titled: 

Complex Planetary Decolonial Mathematics Education (Rodríguez, 2020a). We will 

demystify each conceptualization, turning to the original authors of these studies who 

aim to teach mathematics with body, mind, soul, and spirit; the full complexity of the 

human being; including nature and God; our beloved Father, the mathematician, the 

perfect geometer, creator of the universe. To safeguard mathematics as humanity’s 

legacy, there is an urgent need to embrace in our lives: Mathematics with a capital M. 

To re-cognize it and re-cognize ourselves: an urgent re-connection (Rodríguez, 2022b). 

On the other hand, among the mistakes made when attempting to interpret or find 

asymptotes of any kind in mathematical curves are those that prevent the problem 

from being successfully solved. But we know that errors have commonly been 

punished; it is immediately assumed that the student, in the case of factorization, 
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applied the formula incorrectly; almost never is the source of their confusion 

investigated, nor is there a step-by-step understanding of each term stated in a 

problem—how the student makes sense of it, how they relate it to real life; “We speak 

of an error when the student performs a practice (action, argumentation, etc.) that is 

not valid from the perspective of the school mathematics institution” (Godino, Batanero, 

and Font, 2003, p. 69). 

Among the errors in the interpretation of asymptotes are, for example, the belief that 

asymptotes can be horizontal, vertical, or oblique, and that all are linear functions; but 

later we will see cases of nonlinear functions that can be asymptotes. For example, a 

horizontal asymptote of the curve of the function y = f(x) is a line y = L, where 

lim
𝑥𝑥→+∞

𝑓𝑓(𝑥𝑥) = 𝐿𝐿     and 

lim
𝑥𝑥→−∞

𝑓𝑓(𝑥𝑥) = 𝐿𝐿 

 

We tend to assume that a horizontal asymptote L, for example, will never touch the 

graph y = f(x), and that can indeed happen; but not always—we must be careful and 

keep this in mind. Let’s look at an example where the asymptote does not touch the 

graph, and then another where it does touch it, intersecting it; because when explaining 

mathematics, it is important to adapt our language to ensure we are understood. 

Suppose f(x)=𝑥𝑥2−1
𝑥𝑥2+1

. We know that if we calculate the limit as x approaches infinity, the 

result is 1; L = 1 is an asymptote of f(x). But what would happen if we have f(x) = sen 

(𝜋𝜋
𝑥𝑥
)? What is its asymptote? Undoubtedly, L = 0 is an asymptote. In the first example, 

the asymptote never intersects the graph; in the second case, it intersects it infinitely 

many times. Let’s look at the examples: 
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Figure 1  

y = 1 is an asymptote of f(x)=𝑥𝑥2−1
𝑥𝑥2+1

.  

 
Source. Created for the 2026 research project using GeoGebra. 
 
Figure 2  

y = 0 is a horizontal asymptote of y = sen (𝜋𝜋
𝑥𝑥
).  

 
Source. Created for the 2026 research project using GeoGebra. 
 

There are many insightful and unifying interpretations of students’ dialectical dialogical 

processes—which we will define later—that can be developed around the concept of 

asymptotes, with the aim of deepening their understanding. Within the research area 

of Complex Planetary Decolonial Mathematics Education, our overarching objective is 

to conduct a comprehensive, ecosophical, and diatopic hermeneutics of curve 

asymptotes in mathematics. Of course, using the transmethod of comprehensive, 

ecosophical, and diatopic hermeneutics (Rodríguez, 2020c)—which is not only the 
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transmethod of inquiry but also the framework where the conceptualization of 

asymptotes is deepened through wisdom and unity with the complexity of thinking 

about mathematics with soul, mind, body, and heart. We will shortly explain what 

planetary-complex decolonial transmétodos are. 

We will describe the transmethodology of inquiry. 

 

Transmethodology. Complexity as a trans-paradigm and the comprehensive, 

ecosophical, and diatopic hermeneutics of the transmethod  

We must clarify that, under the reductionist paradigm, it is not possible to arrive at 

these understandings of asymptotes, for example, or other concepts in Complex 

Planetary Decolonial Mathematics Education; therefore, we are fundamentally shifting 

the way we think about mathematics and its education toward liberating—that is, 

decolonial and complex—perspectives. 

The research trans-paradigm is complexity; this means it goes beyond reductionism 

because it safeguards what is concealed by coloniality in mathematics and mathematics 

education; it involves “the dismantling of the exercise of power in modernist research” 

(Rodríguez, 2020d, p.705); we are weaving, adding complexity to, and acknowledging 

the inadequacy of what we know in traditional Mathematics Education; such as, for 

example, the concept of asymptotes. The inquiry is situated within the following lines 

of inquiry: Planetary Decoloniality—Complexity in Re-linking; Complex Planetary 

Decolonial Mathematics Education (EMDPC); and Complex Transmethodologies and 

Complex Planetary Decolonial Transmethods; all of these have yielded significant 

results, and some are cited in the references of this inquiry. 

But we have also changed the way we present the results of our research; we no longer 

write in a linear fashion, but rather in rhizomes, as we have envisioned. What are 

rhizomes? They are complex networks, without roots or hierarchy, indicating that we 

are moving beyond the outdated linear structure that follows a rigid sequence: 

introduction, body, methodology, results, and conclusions—elements demanded to 

stand in isolation from one another, and presented as definitive, supposedly imposing 

truths in the results. 

The rhizome is a “map proposed by Deleuze and Guattari: principles of connection and 

heterogeneity, multiplicity, signless rupture, cartography, and decalcomania” (Garnica, 

2019, p.129). A rhizome is made up of plateaus. What are plateaus? They designate “a 

continuous region of intensities, which vibrates upon itself, and which develops by 
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avoiding any orientation toward a climax or an external end” (Deleuze and Guattari, 

2002, p. 26). Therefore, in our discourse we proceed in an interwoven manner and do 

not have a centric structure, allowing us to continue opening up and breaking away to 

include what has not been addressed in the subject matter, what has been colonized in 

Mathematics Education. 

It is a highly specialized global decolonial task to safeguard what has been condemned 

in mathematics and its concepts—such as those of asymptotes and others we have 

already published and referenced here—when these have been imposed unrestrictedly 

in mathematics education in a colonial manner, without considering the complex ways 

in which students learn; this is yet another flaw of coloniality. The fact is that if a 

mathematics unattainable for many has been imposed, this is why we are engaged in 

this complex global decolonial project, liberating conceptions in light of exceptional 

complexities through science, art, language, and mathematics.  

In doing so, we will achieve the complex objective of our inquiry through planetary-

complex decolonial transmetshods. What are transmetshods?  We go beyond 

reductionist methods; we do not demystify them, we deconstruct them, we detach 

ourselves from their imposition and standardization of the researching subject, 

objectifying it as an object: “transmethods help safeguard sentipensar, de-elitize, re-

connect, and dis-connect with disciplines, bringing them together, and making 

disciplines undisciplined” (Rodríguez, 2022c, p. 9); they are original creations of the 

research author. EMDPC is a product of transmetshods, which constitute an 

indisciplinary insurrection against research methods. 

In particular, the transmethod of comprehensive, ecosophical, and diatopic 

hermeneutics in rhizomatic, decolonial, planetary—complex structures (Rodríguez, 

2020c), which introduces categories such as ecosophy and diatopia in an introspection 

beyond traditional methods, in which ecosophy “is that wisdom (...) a constitutive and 

definitive dimension of reality” (Panikkar, 2005, p.202); and that in profound 

metacognitive developments where the complexity of being unfolds, mathematics can 

contribute. 

Meanwhile, diatopic hermeneutics is required in interpretation when the distance to be 

bridged—necessary for any understanding—is “the distance between two (or more) 

cultures that have independently developed, in distinct spaces (topoi), their own 

methods of philosophizing and their ways of achieving intelligibility” (Panikkar, 1990, 
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p. 87). Some topoi that have become separated in Western mathematics and its 

teaching, which we will bring closer together through diatopia, include: mathematics-

everyday life, mathematics-language, reason-spirit, and abstract-concrete, among 

others. 

Note the exceptional importance of the relationality of this comprehensive 

hermeneutics with science-art-language-mathematics; for through this we seek 

wisdom, and it harmonizes—ecosophy-diatopia—with all sciences, with all knowledge; 

with everything in the universe that has been created and shaped. The mysterious, 

mystical structures of God’s Creation; all bear the marvelous mark of mathematics. 

Thus, within this transmethod and all of them, complex mathematics—wonderful and 

revealing—is of the utmost importance. Therefore, in this study that now leads us to 

such hermeneutics in mathematics and its education, it is not surprising. 

This is particularly true in the relationship between the concrete and the abstract in 

mathematics: “the concrete and the abstract cannot be separated; they are two 

interdependent aspects, two inseparable characteristics of knowledge that constantly 

shift from one to the other” (Peñalva Rosales, 2010, p. 138). The concrete has been 

excluded from the mathematical process; the aim is for it to be abstract, thereby 

creating an obstacle to moving mentally from the everyday to abstraction in the early 

stages of mathematics education. “Accepting the inseparability of the abstract from the 

concrete means moving to deeper stages of thought, through the process of 

inseparability: concrete-abstract-concrete” (Rodríguez, 2020b, p.550). 

In this inquiry, we explore the analytical-empirical and propositional moments in 

comprehensive hermeneutics, contributing diatopia and ecosophy to an unprecedented 

analysis through the transmethod in the analytical-empirical moments we have already 

begun in this rhizome; we examine original authors of categories such as: ecosophy, 

diatopia, human being, dialectic, complexity, dialogic, asymptotes, among others; in 

order to unpack key ideas and compare them with the author’s empirical findings; 

which, through the transmétodo, recover her subjectivity and sentipensar in the 

research and compare them with those authors. 

Finally, in the interpretive moments, we move beyond the authors and focus solely on 

the author’s hermeneutics in the last two rhizomes of the inquiry. We continue with 

what follows in the analytical-empirical moments. 

Analytical-empirical perspective. An ecosophical-diatopic hermeneutics of 
the classical interpretation of asymptotes and its challenges, based on the 
authors consulted 
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The famous Greek geometer Apollonius of Perge, born around 262 B.C. in the city of 

Perge, was the first to use the term “asymptote” to refer to the mathematical concept 

of a line that never touches a hyperbola. This leads us to ask: Do asymptotes never 

intersect hyperbolas? We will see that Apollonius’ concept of an asymptote is not valid 

for every curve; that is, the asymptote can intersect the curve in some cases. It should 

be clear that we are referring to an asymptotic line as the tangent at infinity of a 

parabolic branch, or to asymptotic curves when we simply speak of asymptotes. 

We have a thoughtful exercise; this is ecosophical and unitive of the dialogical 

processes in dialogues with learners, where the dialogical-dialectical aspects are 

important when calculating asymptotes and teaching how to do so; first, the semantics 

to begin by delving deeper: What does asymptote mean? The word asymptote derives 

from the Greek: ἀσύμπτωτος (asýmptōtos), which means that which does not fall; not 

necessarily that which does not intersect the graph of the functions for which we seek 

their asymptotes; it is urgent to demystify the fact that asymptotes never intersect the 

graphs. 

Similarly, the applicability of asymptotes is profound and transdisciplinary; a deeper 

study of them goes beyond the mere scope of elementary geometry and the graphing 

of plane curves. With the progress of algebra and infinitesimal calculus, the intuitive 

generalizations of approximation have become an urgent necessity; that is, tending to 

infinity and tending to zero (0), are part of the language used in the calculation of 

asymptotes, which are analytically formalized in their proofs using the concept of the 

mathematical limit; yet the graphs—that is, geometry—play a crucial role in their full 

understanding. 

In what follows, we will immerse ourselves in dialogical-dialectical dialogues within the 

deep processes of asymptote calculation; we recall that Mathematics Education deeply 

urges these dialectical-dialogical dialogues to foster profound thinking. I would agree 

that what is at play here is the diatopic, unitive, and profound hermeneutics of the 

topoi, which, as we have already said, are unjust separations imposed in mathematics 

education, for example; for let us see that 

We must not create a dichotomy between reason and love, between concept and 
symbol, between the dialectical and the dialogical, between logos and myth—not 
only because, as he himself acknowledges, these terms point to complementary 
dimensions of the human being, but above all because they do not represent 
transcendental, meta-cultural instances independent of particular worldviews 
(Gómez, 2015, p. 41). 
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It will be a liberating step in the ontological and epistemological understanding of 

mathematics education to ask ourselves: “How does the teacher perceive mathematics, 

and how does he or she conceive of it? Why does the teacher approach the subject in 

the same way? What are the teacher’s internal processes regarding mathematical 

science that lead him or her to use it as an exercise of power?” (Rodríguez, 2021, p. 

7). For example, indiscriminate memorization and the use of fixed algorithms without 

understanding in mathematics constitute an exercise in authoritarianism that 

undermines the learner’s self-esteem by failing to help them comprehend what is 

imposed upon them; as a result, they may only learn to obey—a view endorsed by 

many researchers in mathematics education.  

Recalling their origin with the ancient Greek Apollonius of Perga, let us look at 

hyperbolas: x² - y² = 1; y² - x² = 1 and their asymptotes y = x, y = -x, their oblique 

asymptotes; let us look at them geometrically. These are examples that we can view 

on the internet; for example: 

Figure 3  

y = x  oblique line of x2  - y2 =1; y=-x oblique line of y2  - x2 =1.  

 
Source. Created for the 2026 research project using GeoGebra. 
 

The following points should be addressed in the classroom with wisdom and 

discernment: The graph of a function cannot intersect the vertical asymptote, since the 

function is discontinuous at that value; however, a function can have at most two 

oblique asymptotes—one as x approaches positive infinity and another as x approaches 

negative infinity. A line can be an oblique asymptote as x approaches positive infinity, 

yet not be one as x approaches negative infinity, or vice versa. The graph of a function 
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may intersect the oblique asymptote (Escoredo, Gómez, Lorenzo, Machín, Pérez, Del 

Río, & Sánchez, 2009). 

Recall that analytically, a linear function y = ax + b is an oblique asymptote when the 

slope a and the y-intercept b are calculated using the following expressions, which we 

explain according to Martínez (2019). 

The slope, lim
𝑥𝑥→±∞

𝑓𝑓(𝑥𝑥)
𝑥𝑥

= 𝑎𝑎 

The intersection with y, assuming the slope exists, is, lim
𝑥𝑥→±∞

(𝑓𝑓(𝑥𝑥) − 𝑎𝑎𝑎𝑎) = 𝑏𝑏  

Here we must make several important notes that are essential for correct calculation. 

Let’s consider the following: 1) When calculating limits with +∞, we may obtain a 

different oblique asymptote than when calculating limits with -∞; alternatively, the 

asymptotes may be the same; or, if the slope is zero, then there are no oblique 

asymptotes. Meanwhile, the y-intercept may be zero. 2) It is essential to always 

compare the analytically calculated asymptotes with the graphs of the function and the 

asymptotes in general. 3) A line may be an oblique asymptote as x→+∞, yet not be 

one as x→-∞, or vice versa. 4) The graph of a function may or may not intersect the 

oblique asymptote. 

An essential feature of a function f(x) = c is that it can exist at c even if x = c is a 

vertical asymptote, and thus intersect with it. Consider, for example, f(x) = 1/x for x 

≠ 0, where f(0) = 1. Take, for example, the function that splits into two branches and 

a point: f(x) = 1/x if x ≠ 0, f(0) = 1 on the graph and its vertical asymptote x = 0, 

which intersects the graph, but its horizontal asymptote y = 0 does not intersect it. 

Let’s look at the graph: 
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Figure 4  

f (x) = 1/x If x ≠ 0, f(0) = 1 on the graph, and its vertical asymptote is x = 0, y = 0; 

its horizontal asymptote is.  

 
Source. Created for the 2026 research project using GeoGebra. 
 

In the graph above, if we redefine the function as: f1(x) = 1/x for x ≠ 0, f1 (0) = 0 on 

the graph, and we shift or replace the point (0,1) with (0,0), we find that both its 

vertical asymptote x = 0 and its horizontal asymptote y = 0 intersect the graph of y = 

f1(x), which contradicts the common belief that asymptotes never intersect functions. 

Now, do the functions y = f(x) or y = f1(x) have oblique asymptotes? Let’s use the 

definition by Colera and Oliveira (2009, p. 314), which states that the oblique 

asymptote to a function y = f(x) is defined as the line y = ax + b, where 

lim
𝑥𝑥→±∞

𝑓𝑓(𝑥𝑥)
𝑥𝑥

= 𝑎𝑎 

lim
𝑥𝑥→±∞

(𝑓𝑓(𝑥𝑥) − 𝑎𝑎𝑎𝑎) = 𝑏𝑏 

We know that in our example 

lim
𝑥𝑥⟶+∞

1
𝑥𝑥
𝑥𝑥

= 0 

Therefore, the slope of the oblique line is 0, which means that the line is horizontal. 

Therefore, neither function has oblique asymptotes. 

It should be noted that in a rational function, if the degree of the numerator is one 

greater than that of the denominator, then the oblique asymptote is the quotient of the 
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division between the two polynomials (Colera and Oliveira, 2009, p. 314). Students are 

encouraged to find an example. 

If we now consider the function f(x) = (x-2)/(3-x), we will try to find its asymptotes; 

as for the vertical asymptote, one candidate is x = 3, since it cancels out the 

denominator, so it can be shown that 

lim
𝑥𝑥⟶3+

𝑥𝑥 − 2
3 − 𝑥𝑥

= +∞ 

lim
𝑥𝑥⟶3−

𝑥𝑥 − 2
3 − 𝑥𝑥

= +∞ 

Thus, x = 3 is a vertical asymptote. To find the horizontal asymptote, we calculate the 

limit as x tends to infinity, and we get 

lim
𝑥𝑥⟶+∞

𝑥𝑥 − 2
3 − 𝑥𝑥

= −1 

lim
𝑥𝑥⟶−∞

𝑥𝑥 − 2
3 − 𝑥𝑥

= −1 

Thus, y = -1 is a horizontal asymptote. And we can conclude with certainty that there 

are no oblique asymptotes because there are horizontal asymptotes, and this holds true 

for all rational functions when it comes to straight-line asymptotes. Let’s look at the 

graph 

Figure 5  

f (x) = (x-2)/(3-x) and their asymptotes.  

 
Source. Created for the 2026 research project using GeoGebra. 
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However, the combination of asymptotes for functions expressed as polynomial 

divisions is quite special. Let’s consider the case where there are no horizontal 

asymptotes; therefore, we must look for oblique asymptotes, since we are dealing with 

a polynomial. Consider the function f(x) = (x³ - 4x)/(x² - 1); we know that there are 

two values of x that make the denominator zero: x = 1 and x = -1. These values are 

candidates for vertical asymptotes; let’s investigate this by taking the limit as x 

approaches 1 and -1: 

 

lim
𝑥𝑥→1

𝑥𝑥3 − 4𝑥𝑥
𝑥𝑥2 − 1

= lim
𝑥𝑥→−1

𝑥𝑥3 − 4𝑥𝑥
𝑥𝑥2 − 1

= +∞ 

 

Furthermore, we know that as x approaches 1 from the right, the function approaches 

-∞; similarly, as x approaches -1 from the right, the function approaches +∞. 

Conversely, as x approaches 1 from the left, the function approaches -∞, and as x 

approaches -1 from the left, the function approaches -∞. We will observe this in the 

graph below. Furthermore, we can show that the function f(x) has no horizontal 

asymptotes, since 

lim
𝑥𝑥→+∞

𝑥𝑥3 − 4𝑥𝑥
𝑥𝑥2 − 1

= +∞ 

 

This tells us that it might have oblique asymptotes—I repeat, since it has no horizontal 

asymptotes and is, of course, a rational function—so let's see 

lim
𝑥𝑥→+∞

𝑥𝑥3 − 4𝑥𝑥
𝑥𝑥2 − 1

= +∞ 

lim
𝑥𝑥→+∞

𝑥𝑥3 − 4𝑥𝑥
𝑥𝑥2 − 1

/𝑥𝑥 = 1 

lim
𝑥𝑥→+∞

𝑥𝑥3 − 4𝑥𝑥
𝑥𝑥2 − 1

− 𝑥𝑥 = 0 

Thus, we have: y = 1x + 0 = x is the only oblique asymptote; we can see that to the 

left of the oblique asymptote, the function remains above it, and to the right of the 

oblique asymptote, the function remains below it. Let’s look at the graph of y = f(x) 

with the asymptotes  
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Figure 6  

f(x) = (x3-4x)/(x2-1) and its vertical and oblique asymptotes.  

 
Source. Created for the 2026 research project using GeoGebra. 
 

Note how the vertical and oblique asymptotes intersect. Furthermore, since there are 

different horizontal asymptotes for each branch of the function, and a single oblique 

asymptote suffices for the entire function, we seek it because there are no horizontal 

asymptotes; for if such asymptotes existed, the oblique ones would be impossible. We 

thus ask ourselves: Is this always the case? If a horizontal asymptote exists, then there 

is no oblique one; but this is true only for rational functions. We have seen how the 

improper use of asymptotes leads to errors in the graphical representation of functions 

(Martínez and Martínez, 2014). 

We wish to caution against asymptotes that are not straight lines, even though the title 

of this study refers to asymptotes that are straight lines; an asymptote can be another 

type of curve. Martínez (2019) affirms this. This author notes that it is not only straight 

lines that have the ability to approach a curve indefinitely. If a rational function f(x) = 

(N(x)/D(x)) satisfies degree(N(x)) > degree(D(x))+1, then the quotient g = Q(x) has 

a degree greater than one and satisfies that: The concept of an asymptotic curve also 

extends beyond polynomials. In general, if 
 

lim
𝑥𝑥→+∞

�𝑓𝑓(𝑥𝑥) − 𝑄𝑄(𝑥𝑥)� = 0 
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Martínez (2019) tells us that g = Q(x) is called the asymptotic polynomial of y = f(x). 

Let’s look at an example from the same author. The rational function f(x) = (x³ - x + 

2) / (x + 1): since the degree of the numerator is greater than that of the denominator, 

we perform the division and apply the quotient rule to get f(x) = x² - x + (2/(x + 1)). 

Q(x) = x² - x is an asymptotic parabola to y = f(x). Let’s look at the graph created with 

GeoGebra online. 

Figure 7  

f(x)=x2-x + (2/(x+1)), asymptotic parabola Q(x)=x2– x.  

 
Source. Created for the 2026 research project using GeoGebra. 
 

In what follows, we continue with the author’s interpretation of ecosophy-diatopia, 

independent of the authors cited. And as we have seen amid so many details, right 

from the first epigraph: “I know only that I know nothing!” (Platon, 1871). 

 

A Moment of Reflection: The Author’s Hermeneutics in an Ecosophical-
Diatopic Complexification of Curve Asymptotes 

We have already seen that a horizontal asymptote is a horizontal straight line—that is, 

parallel to the x-axis—which indicates where a function flattens out, or approaches a 

certain value, as the independent variable becomes very large or very small. We have 

already clarified that a function may touch or pass through a horizontal asymptote, or 

it may not; and that a function may have a horizontal asymptote for each branch of the 

function. But a vertical asymptote is a vertical straight line, parallel of course to the y-

axis,  that marks a specific value toward which the graph of a function may approach, 

but will never reach; that “never” is definitive and determinative. 
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Here we note that candidates for vertical asymptotes are the values that make the 

denominator zero, in the case of rational functions; but they are not the only 

candidates; they can also be the extreme values of intervals in the domain that do not 

belong to the domain itself; let’s look at an example: f(x) = x.ln(x) with domain (0, 

+∞),  x = 0 is a candidate for a vertical asymptote; let’s look at the graph. 

Figure 8  

f(x) = x.ln(x) with a domain name (0,  x = 0  its vertical asymptote  

 
Source. Created for the 2026 research project using GeoGebra. 
 

However, it is important to consider all possible cases to determine whether or not a 

vertical asymptote exists, by identifying potential vertical asymptotes; for example, the 

function f(x) = cos(x) has no vertical asymptote because its domain is the real numbers 

and it has no denominator. However, the same is not true for g(x) = cos(1/x), which, 

since x = 0 cancels the denominator, we will see in the graph that it is a vertical 

asymptote. Furthermore, when we have h(x) = cos(1/(x² - 1)), we suspect that we will 

have two vertical asymptotes at x = 1 and x = -1, which make the denominator of the 

cosine argument zero, since its domain is all real numbers except 1 and -1.  

However, it is important to consider all possible cases to determine whether or not a 

vertical asymptote exists, by identifying potential vertical asymptotes; for example, 

f(x) = cos(x) has no vertical asymptote since its domain is the real numbers and it has 

no denominator. But this is not the case with g(x) = cos(1/x), where x = 0 cancels the 

denominator, so we will see on the graph that it has a vertical asymptote. Furthermore, 
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when we have h(x) = cos(1/(x² - 1)), we suspect that we will have two vertical 

asymptotes at x = 1 and x = -1, which cancel the denominator of the cosine argument, 

since its domain is all real numbers except 1 and -1. Let’s construct the two graphs 

that make the difference using GeoGebra. 

Figure 9  

f(x) = cos(x) has no vertical asymptote at x = 0; g(x) = cos(1/x) has vertical 
asymptotes at x = 1 and x = -1; h(x) = cos(1/(x² - 1)) has vertical asymptotes at x 

= 1 and x = -1. 

  

 
Source. Created for the 2026 research project using GeoGebra. 
 

But we also have the case of vertical asymptotes on both sides; for example, the 

function f(x) = x/(x+1) clearly has a vertical asymptote at x = -1; but let's see that  

 

 

So x = -1 is an asymptote on both sides, or on both branches, of y = f(x); let's look 

at the graph 

Figure 10  

f(x) = x/(x+1); when x = -1, there is a vertical asymptote for both branches of y = 

f(x). 
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Source. Created for the 2026 research project using GeoGebra. 
 
We also have the case of functions that have vertical asymptotes on only one side, a 

single branch. Let's look at the example. We're going to calculate the limits as x 

approaches 0, since that's the value that makes the denominator zero. Let's examine 

the right side of 0 and the left side. 

 

 

Here is the following chart. 
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Figure 11  

 x = 0 is a vertical asymptote of one of the branches of y = f(x). 

 
Source. Created for the 2026 research project using GeoGebra. 
 

We have wonderful examples of vertical asymptotes; these are functions that have 

infinite vertical asymptotes, such as f(x) = tan(x), where for each branch where cos(x) 

= 0—which is the denominator of the function y = f(x)—that is (𝝿𝝿/2)+n𝝿𝝿, For every 

integer n, there is a vertical asymptote. Let's look at the graph 

Figure 12  

x)  infinite vertical asymptotes x= (𝝿𝝿/2)+n𝝿𝝿, with an integer n. 

 
Source. Created for the 2026 research project using GeoGebra. 
 

We must pay attention to how graphs behave with their asymptotes; we already know 

that a graph cannot intersect or be touched by a vertical asymptote, and that in rational 
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functions, these are typically the values that make the denominator zero. However, 

graphs can be intersected by horizontal asymptotes. When determining horizontal 

asymptotes, it is important to consider both the right and left sides of the function’s 

branches, since the horizontal asymptotes will not necessarily be the same in both 

places. Special attention must be paid to this. But we must note—which is why we say 

“candidates”—that not all values that make the denominator zero are vertical 

asymptotes.  
A function can have, at most, two oblique asymptotes: one as x increases indefinitely 

and another as x decreases indefinitely. A line can be an oblique asymptote as x 

increases indefinitely, yet not be one as x decreases indefinitely, or vice versa. The 

graph of a function can intersect the oblique asymptote, and we have already seen 

examples of this. 

We must also debunk the false belief that a horizontal asymptote does not intersect the 

graph of the function; or that if it does intersect, it will do so at a single point. We have 

examples of functions that appear erratic in their behavior and that, as x increases or 

decreases, do not follow a fixed trend; but consider this example, f(x) = (cos(x))/x + 

1, and observe its trend when y = 1, which will be a horizontal asymptote. 

Figure 13  

f(x) = (cos(x))/x + 1 y y=1 horizontal line 

 
Source. Created for the 2026 research project using GeoGebra. 
 
From this, we conclude that cos(x) = 0, and thus we have x = π/2 + kπ, where k is any 

integer. These are the various infinite intercepts of the function y = f(x). Note how 

misleading the trivialized way of generalizing the teaching of asymptotes has been. And 
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we must be mindful that the detailed geometry of the graphs is essential for thinking 

about asymptotes. Thus, of course, aside from the analytical way of thinking about 

limits—which serve as tests of whether asymptotes exist or not—it is urgent to examine 

the graphs in detail and not to generalize the existence of asymptotes and their 

characteristics into rules. We return to functions that have curvilinear or nonlinear 

asymptotes, which are frequently found in calculus textbooks. We invite you to continue 

in your wise and unifying hermeneutics. 

In the process of hermeneutics in mathematics education, with the aim of reaching 

deep metacognitive thoughts and processes, we must immerse ourselves in dialogical-

dialectical dialogues, as we have defined them in the analytical-empirical moment. To 

conclude, we would like to present a Socratic dialogue among several characters—

presumably students—who, after studying asymptotes, can engage in a frank, 

demystifying discussion, citing the graphs and their numbered figures to provide 

counterexamples to the questions we will be addressing. How might dialectical 

dialogues be constructed using the concepts of asymptotes with several students, 

where the goal is not to determine whether they are correct or not, but rather to think, 

delve deeper, and explore the students’ intuitive thinking and how they progress in the 

process of calculating asymptotes? Dialogic-dialectic dialogue can be fostered in cases 

involving asymptotes simply by enjoying the dialogue and elevating thought to deeper 

levels of understanding; for example, in an everyday classroom dialogue, which the 

author of the research practices with her students, she addresses questions such as: 

Socrates: What are asymptotes? 

Juan: They’re straight lines. 

Socrates: Is the asymptote in Figure 7 a straight line? 

Pedro: No, it’s not a nonlinear curve. 

Juan: But we’ve been taught to think of asymptotes as straight lines; and that’s what 

I see, Socrates—whether they’re slanted, vertical, or horizontal. 

Socrates: How many asymptotes can a function have? 

Pedro: Well, Socrates, it might not have any asymptotes at all, but it could even have 

an infinite number of asymptotes, as in the case of Figure 12, which has an infinite 

number of vertical asymptotes. 

Juan: It all depends, Socrates. It’s best to make sure we calculate the limits correctly 

and verify them graphically. That can be misleading. 

Socrates: So, how many asymptotes does the function in Figure 13 have? 
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Juan: Socrates, we calculated and saw that y=1 is a horizontal asymptote. And from 

the graph, we see that the y-axis, x=0, is a vertical asymptote. 

Pedro: We haven’t calculated the oblique asymptotes. 

Juan: It could be that it has oblique asymptotes; we tend to get confused looking at 

the graph, so it’s good to calculate them as we’ve been told. 

(…) and that way we could spark a discussion at the blackboard to think things through, 

clarify, and enjoy the process. 

Let us note that the ecosophical and diatopic hermeneutics—that is, the unifying nature 

of the subjective and dialectical dialogical processes of students’ sensory-cognitive 

thinking and potential confusions— with students involves a broad range of thought; 

deep metacognitive processes that, in the case of asymptotes, become more acute, 

and by comparing the analytical with the geometric and paying attention to what 

convergence, intersection, infinity, and so on mean, we can conceive of various ways 

of teaching. This is combined with or aided by the use of technologies, as in the case 

of GeoGebra, which can directly calculate asymptotes; however, it is preferable to do 

the calculations manually and use GeoGebra only to verify results. However, if we do 

not perform the calculations using the appropriate definitions and allow the student to 

move the pencil, we risk automating such a delicate process and fostering a dependency 

on technology, thereby preventing students from ever truly mastering the concept of 

asymptotes. Furthermore, the student would miss out on deep metacognitive 

development; note that what is important is not just the calculation and the results, 

but the support in the development of thinking, which is essential. 

 

Concluding reflective moment. We continue along the lines of our research 
on Complex Planetary Decolonial Mathematics Education 

We have conducted a comprehensive, ecosophical, and diatopic hermeneutic analysis 

within the research area of Complex Planetary Decolonial Mathematics Education, 

focusing on the asymptotes of curves in mathematics. This is an ongoing process in 

which we have engaged in dialogical-dialectical processes, employing the concepts of 

diatopia and ecosophy to better understand the broad concept of function asymptotes. 

We know there is much more to say and explore; therefore, we continue our study 

within this line of research. 
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We wish to state with the utmost responsibility that unless the reductionist paradigm 

is changed—that is, the way mathematics is conceived: as something imposed, 

simplified, disconnected, colonial, and strictly disciplinary, and taught as such—we must 

instead decolonize, introduce complexity, and adopt a transdisciplinary approach; we 

must envision the unifying nature of mathematics, from the very biological and spiritual 

conception of the human being to the entire universe; the interwoven nature of 

science—humanity’s legacy—and mathematics, which is art-language; we could not 

appreciate these inquiries within Complex Planetary Decolonial Education. We pray to 

God that a profound change may gradually take place, beginning with the way we think 

and, through that, act and educate—which is to liberate both the human being and 

mathematics. 

It is particularly important to note that in horizontal asymptotes—lines parallel to the 

x-axis—we may have a single horizontal line because as x increases or decreases, the 

function approaches the same value; but we may also have one when x increases and 

another when x decreases within the same function. This indicates that we cannot have 

more than two horizontal asymptotes. This situation seems logical, since the horizontal 

asymptote is the line toward which the function approaches as the independent variable 

increases or decreases indefinitely. Furthermore, it may be that we have no horizontal 

asymptotes, or only one on a single side of the graph. 

In the case of vertical asymptotes, we know that they are lines parallel to the y-axis; 

candidates include values that make the denominator zero in functions that are rational 

or contain rational expressions, and the endpoints of the domain that do not belong to 

it. This means that the first thing we must do is determine the domain of the function 

when dealing with vertical asymptotes. Noting that we can have infinite vertical 

asymptotes—we have seen examples—this leads to insights for the student; for 

example, to understand the general values at which trigonometric functions vanish, 

among other things. For vertical asymptotes, we always consider the limits on the right 

and left sides of the candidate values, and whether the result is increasing or decreasing 

confirms whether they exist or not.. 

In the case of oblique asymptotes on the left, we calculate the limit of the function 

divided by x as x decreases; if this limit is nonzero or does not exist, we then proceed 

to calculate the intersection of the asymptote with the y-axis, assuming it exists. We 

follow a similar procedure for oblique asymptotes on the right. We cannot generalize 

about how many oblique asymptotes might or might not exist. We must be careful 

when teaching such specific cases. 
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It is worth noting that transmetshods can play a significant role in mathematics 

education, and we see various examples from a planetary-complex decolonial 

perspective, in line with the EMDPC approach. We feel and think with mathematics in 

its teaching; thus, in the book titled: The Mathematics of Love and Friendship 

(Rodríguez, 2022d), we wish to bid farewell with our feelings, to what mathematics 

evokes in us in the depths of our complexity, in the form of free-verse poetry, in poem 

7, titled: The Asymptotes: The Greatest and Most Impossible Love, 

Asymptotes are the stories of impossible love or friendship that could never be, 
that never came together—irremediable utopias of fate. 

Oh, eternal love, my soulmate of my consistent class of feelings that grow like 
me; how separate our destinies are. Yes, that axis of symmetry that reflects us 
is so visible, so real; but at the same time, a reminder that we can never be 
together. 

What a beautiful downward-curving curve, both you and I, in some cases; yes, it 
grows, it softens at times, how cruel is that fate of looking at each other from our 
respective quadrants and not being able to touch. 

How is it possible that the two of us came so close to that place, that axis of the 
ordinates where we look at each other ever closer, yet I cannot—feeling your 
breath, your heartbeat—reach that point of intersection, which would give us the 
chance to make our union a reality. 

If 1+1=1, how wonderful it would be if my love, so faithful to the axis of my life, 
could at that point realize our love and let us go, regardless of whether our union 
were but fractions of time, as we exchange the fulfillment of our love with the 
heavens. 

Without hope we will continue, for as time passes, the impossibility of realizing 
our love becomes eternal! In those cruel asymptotic curves (Rodríguez, 2022d, 
p.21-22). 

Dedication and Acknowledgments: I thank God for leading me along paths He has 

carved out, so that I may take my leave and always begin in the name of Jesus Christ; 

my Father affirms, says Jesus Christ, He taught me: “Take my words seriously. Follow 

my commands and you will live. Acquire wisdom; develop good judgment. Do not forget 

my words or stray from them. Do not turn your back on wisdom, for it will protect you; 

love it, and it will guard you. Acquiring wisdom is the wisest thing you can do! And in 

everything else you do, develop good judgment” (Proverbs 4:1–7). Blessings, always 

a new beginning. 
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